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Y[RTQgoZk!|Bw#M
À
l8goRTl<fdX]VWﬁQZ-UXZ©¢VQRTSVUXWﬁY[Z\]VZ`goRTl^n?ZogﬁijdXRTlBÖ]BdØ×|<fdXRTlfik!ijdXRTlVlzk!dOQZ-fj|VdOn'k!lEiå
{ −∆u + φ.∇u + cu = f ]<k!l<f Ω
u = 0
f|VQ
∂Ω
ÒáLBMON)Õ
]VRTlEi|Vl<Z`µ¶RTQjY[Z©n'k!Qjd§k!ijdXRTlVl<ZﬁUOUXZ\ZofjirU§kéfj|VdOnTk!l^iZ'¬
,
ÚjÏTà4Ì!ÍxÚ
u ∈ V = H10 (Ω)
ÆÍxÛ.-ﬁà<Í
ε(∇u,∇v) + (φ.∇u, v) + (cu, v) = (f, v) ∀v ∈ V ÒáLBMbL?Õ
RTä
φ, c
Zﬁi
f
fRTl^ir]VZofµáRTl<gﬁijdXRTl<frfj|BqIfk!YY[Zﬁl^irQhﬁ«'|VUOdXWﬁQZofåzZﬁi
ε
|Vl8¢zk!Qk!Y[WﬁijQZ
> 0
M
À
l8fj|V¢V¢ÙR'fZﬁQké¢zk!QZxwVZﬁY¢VUXZ-{E|<ZI¬
0 <  ≤ 1, φ ∈ (W 1,∞(Ω))2 , c ∈ L∞(Ω), f ∈ L2(Ω), ÒáLBMba?Õ
c ≥ 0,∇.φ = 0 ¢M ¢M<]<k!l<f Ω. ÒáLBM s^Õ
c`k!l<f´UXZ`gkTfRTä ∇.φ 6= 0 å<RTlFfj|V¢V¢ÙR'fZﬁQké{^|<Z c− 12∇.φ ≥ 0
M
c©Z©YIk!lVdXWﬁQZ`¢VUO|<f«?hﬁl<hﬁQk!UXZ'å<RTlgoRTl<fjdX]VhﬁQZﬁQkUXZ©¢VQRTSVUXWﬁY[Z\nTk!Qjd§k!ijdXRTlVl<ZﬁU&f|VdOnTk!l^i¬
,
ÚjÏTà4Ì!ÍxÚ
u ∈ V ÆÍxÛ.-ﬁà<Í
a(u, v) = (f, v) ∀v ∈ V ÒáLBMb?Õ
RTäU§keµáRTQjY[Z
a(., .)
ZofjiëSVdOUOdOl<hk!dOQZrgoRTlEijdOl^|<Z'åE¢zkTf¥l<hogoZoffk!dOQZﬁY[ZﬁlEifjì4Y[hﬁijQjdX{E|<Z
f ∈ L2(Ω) ZﬁiRTlI]VhofjdO«'l<ZﬁQk
¢zk!Q
(., .)
UXZ©¢VQR4]B|VdOirfgk!U§k!dOQZ\]<k!l<f
L2(Ω)
M
çZ¥¢VQRTSVUXWﬁY[Z©ÒáLBMbL?Õ&ZofjiU§kµáRTQjY\|VU§k!ijdXRTlén'k!Qjd§k!ijdXRTlVl<ZﬁUOUXZ]#u |Vl¢VQRTSVUXWﬁY[Z²ZﬁUOUOdO¢VijdX{E|<ZUOdOl<hk!dOQZ]B|fZogoRTl<]\RTQ]BQZ'å
kn?Zog©goRTl<]BdOijdXRTl<fk!|Bw[UOdOYdOiZof²]B|­iì4¢ZcdOQjdXgyVUXZﬁiy<RTY[RT«?Wﬁl<Zof)MV¡²ZogﬁdluvZofji²¢zkTfëQZofjijQjdXgﬁijdØµjå?iRT|VigoZr{^|Vdf|VdOië¢ÙZﬁ|Vi
 ﬁijQZphﬁiZﬁl<]B|åfÊk!l<f«'Qk!l<]VZofY[R^]BdØæzgk!ijdXRTl<fåÙk!|FgkTf]#ubk!|VijQZofegoRTl<]BdOijdXRTl<f©k!|BwUOdOYdOiZof¬z]VZ\iì4¢ZpcedOQjdXgyVUXZﬁiel<RTl
y<RTY[RT«?Wﬁl<Zof)åzteZﬁ|VYIk!lVlåMOMOM
¨4RT|<f©UXZof©yEì4¢RTijy<WofZofIÒáLBMba?Õxå#RTlÂY[RTlEijQZ[{^|<ZéUXZ¢VQRTSVUXWﬁY[ZFÒáLBMbL?Õ©kT]BY[Zﬁi-|Vl<ZfRTUO|VijdXRTlÂ|VlVdX{^|<Zé¢ÙRT|VQeiRT|Vi
f ∈ L2(Ω) Ò*n?RTdOQ¢zk!QZxwVZﬁY¢VUXZ[ðONﬁs'ñ*ÕxM
çZofQhofj|VUOik!if8RTSViZﬁl^|<fF]<k!l<f8goZmijQknTk!dOU-¢ÙZﬁ|Vn?ZﬁlEi/ ﬁijQZ«?hﬁl<hﬁQk!UOdXfhofFk!|gkTf]VZmµáRTQjY[ZofSVdOUOdOl<hk!dOQZofF{^|Vd
f)uvhogﬁQjdOn?ZﬁlEifRT|<f´U§kµáRTQjY[Z¬
a(., .) = as(., .) + b(., .)
RTäÁU§kmµ¶RTQjY[Z
as(., .)
ZofjiSVdOUOdOl<hk!dOQZgoRTlEijdOl^|<Z'åfjì4Y[hﬁijQjdX{^|<ZZﬁiIgoR^ZﬁQgﬁdOn?ZFfj|VQ
H10 (Ω)
å¥ZﬁiU§kmµáRTQjY[Z
b(., .)
Zofi
SVdOUOdOl<hk!dOQZ\n?hﬁQjdØæk!lEie]VZofyEì4¢ÙRTijy<WofZof{^|<Z©UãuvRTl8¢VQhogﬁdXfZﬁQké|VUOihﬁQjdXZﬁ|VQZﬁY[Zﬁl^iéÒ*n?RTdOQrfZogﬁijdXRTl8s[¢zk!«?Z10'ÕxM
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lòfZIUOdOYdOiZïFU§k8¢VQhofZﬁl^ik!ijdXRTl]B|ògkTfLTc Ò
d = 2
Õxå1|VlHgkTféaTc fZﬁQkFdOUOUO|<fjijQh]<k!l<fpU§kfZogﬁijdXRTl~òÒ¶gxµêM
¢zk!«?ZN~?Õ²f|VQ²UXZofQhof|VUOik!if´lE|VY[hﬁQjdX{^|<ZofMVP1RT|VQr]BdXfgﬁQhﬁijdXfZﬁQ´UXZe¢VQRTSVUXWﬁY[ZIÒáLBMb?ÕxåVRTl|VijdOUOdXfZ©|Vl<Z-k!¢V¢VQRw4dOYIk!ijdXRTl
¢zk!QehﬁUXhﬁY[ZﬁlEifæ<lVdXfegoRTlBµ¶RTQjY[ZofM
À
lgoRTl<fjdX]VWﬁQZp]#ubk!SRTQ]|Vl<Z-ijQjd§k!lV«'|VU§k!ijdXRTlm«'QR'ffjdXWﬁQZ TH ]VZ Ω Ò*UXZofehﬁUXhﬁY[ZﬁlEif
]VZpgoZﬁijiZ`ijQjd§k!lV«'|VU§k!ijdXRTlm¢Zﬁ|Vn?Zﬁl^i  ﬁijQZ\]VZofrijQjd§k!lV«'UXZofrRT|m]VZof{E|zkT]BQjdOU§k!iWﬁQZof)ågxµjM4æ<«'|VQZpLBMbL?ÕxåZﬁiUXZ-fRT|<fêÖZof¢zkTgoZ
]#uvhﬁUXhﬁY[Zﬁl^ifæ<lVdXfekTffR4gﬁdXh'¬
VH = {v ∈ C0(Ω) : v|T ∈ Pm(T ) ∀T ∈ TH , v = 0
fj|VQ
∂Ω}
RTä
Pm(T )
]VhofjdO«'l<Z©UãuvZofj¢zkTgoZ-]VZofµ¶RTl<gﬁijdXRTl<f´¢ÙRTUOì4lTYd§k!UXZofr]VZ-]VZﬁ«'Qh\k!|¢VUO|<f
m
fj|VQ´UãuvhﬁUXhﬁY[ZﬁlEi
T
M
ΓH
ﬀﬂﬁﬀﬃ
N ªmk!dOUOU§k!«?Zofr«'QR'ffjdXZﬁQpÒ
ΩH
Õ²ZﬁigoRTY¢ÙR'fjdOiZIÒ
Ωh
Õ
À
lfj|V¢V¢R'fZeZﬁl<f|VdOiZ`{E|uvRTl8kk.q[l<h©|Vl<Ze¢zk!QjijdXZ`]VZofijQjd§k!lV«'UXZofr]VZ TH goRTl^iZﬁlE|<fr]<k!l<f|Vl<Z©¢zk!QjijdXZ`RT|Vn?ZﬁQjiZ
Ω1 ⊂ Ω M
À
l8]VhofjdO«'l<Z`¢zk!Q
V1,H
Ò*QZofj¢M
V2,H
ÕUXZ`fRT|<fêÖZofj¢zkTgoZ`]#uvhﬁUXhﬁY[ZﬁlEifræ<lVdXfrkTffR^gﬁdXh`ïégoZﬁijiZ`ijQjd§k!lV«'|VU§k!ijdXRTl
æ<l<Z8Ò*QZof¢MÙ«'QR'ffjdXWﬁQZ)Õ]<k!l<f
Ω1
Ò*QZofj¢M
Ω2
ÕxM¨4RTdOi
Γ
Uãu dOlEiZﬁQêµãkTgoZZﬁlEijQZU§k¢zk!QjijdXZ[k.q[l<hoZZﬁi©U§k­¢zk!QjijdXZé«'QR'ffjdXWﬁQZ
]B|]VRTYIk!dOl<ZÒ¶gxµjM4æ<«'|VQZ\LBMbL?Õx¬
Γ = Ω1 ∩ Ω2
À
l]VhofjdO«'l<Z8k!UXRTQf¢zk!Q
Ω1,h
UãuvZﬁl<fZﬁY\SVUXZF]VZoffRTYY[ZﬁifFÒ¶RT|¢VUO|<fé«?hﬁl<hﬁQk!UXZﬁY[ZﬁlEi­]VZof]VZﬁ«'Qhof[]VZ­UOdOSZﬁQjih)Õ
goRTl^iZﬁlE|<f]<k!l<f
Ω1
Zﬁiëfj|VQ¥Uãu dOl^iZﬁQêµákTgoZ4Zﬁi¥¢zk!Q
Ω2,H
UãuvZﬁl<fZﬁYpSVUXZ]VZoffRTYY[Zﬁifï`UãuvZxw4ihﬁQjdXZﬁ|VQ²]VZ
Ω1
M?çZofël<R^Zﬁ|<]Vf
ïòUãu dOl^iZﬁQêµákTgoZÂfRTlEiFk!UXRTQfå²¢zk!Q8goRTl<fjijQj|<gﬁijdXRTlå«'QR'ffdXZﬁQf goZﬁijiZ¢VQRT¢VQjdXhﬁih6Zofji­µ¶RTl<]<k!Y[Zﬁl^ik!UXZÂ¢ÙRT|VQ­iRT|<fUXZof
k!UO«?RTQjdOijyVY[Zofe]VZ`i ì^¢ÙZ`¤B³r¡hﬁij|<]BdXhofr]<k!l<fgoZ©ijQknTk!dOUãM
À
lm]Vhxæ<lVdOi\k!dOl<fd:|VlYIk!dOUOU§k!«?ZégoRTY¢R'fdOiZ
Ωh = Ω1,h ∪ Ω2,H Zﬁi©RTll<RTiZ Vh UXZfRT|<fêÖZofj¢zkTgoZ]#uvhﬁUXhﬁY[ZﬁlEif
æ<lVdXfkTffR4gﬁdXhIï­U§kijQjd§k!lV«'|VU§k!ijdXRTlHgoRTY¢R'fdOiZ Th fj|VQ Ωh Míl6ZxwVZﬁY¢VUXZI]#u |Vl<ZiZﬁUOUXZIijQjd§k!lV«'|VU§k!ijdXRTlòZofji-]VRTlVl<h
¢zk!QrU§kæ<«'|VQZ\LBMbLBM
À
l¢R'fZ
V 01,h = {v ∈ V1,h : v = 0
fj|VQ
∂Ω1}.
çZ©¢VQRTSVUXWﬁY[Z\]BdXfgﬁQZﬁirRTSViZﬁlE|mZofjirk!UXRTQf´UXZ-fj|VdOn'k!lEi¬
Æ¶ÚêÏ'à^Ì!ÍﬁÚ
uh ∈ Vh ÆÍxÛ -ﬁà<Í
a(uh, v) = (f, v) ∀v ∈ Vh ÒáLBMb~?Õ
ç&kY[hﬁijy<R4]VZ­]VZ[U§kÅﬁÆ¶ÚjÍÄTÐéÛ Ë*ÝÍÈTË ß´àEÅxË¶Ï'Ýâ¥Ý<Ë¶ÆÍ­ÍﬁÛOÍxÐIÍxÝÆÐIÍﬁÆ*ÑBÏÈCÒã¨4c©¤£¥ªÂÕ\kFhﬁih[dOl^ijQR^]B|VdOiZ]<k!l<f­ðb~.ñ
¢ÙRT|VQ´Uãubk!¢V¢VQRowBdOYIk!ijdXRTlFl^|VY[hﬁQjdX{E|<Z\]B|¢VQRTSVUXWﬁY[Z-]VZ©goRTlEn?ZogﬁijdXRTlBÖ]BdØ×Ù|<fjdXRTlmkn?Zog-goRTlEn?ZogﬁijdXRTlm]VRTYdOlzk!lEiZ'M<£UOUXZ
¢ÙZﬁ|Vi ﬁijQZIdOl^iZﬁQj¢VQhﬁihoZgoRTYY[Z|Vl<ZY[hﬁijy<R4]VZ]VZ­P:ZﬁijQR)nEÖ"!-k!UXZﬁQ$#^dOlåZﬁUOUXZ­Zofjik!|<ffjd²goRTlVl^|<ZfRT|<f\UXZl<RTY ]VZ
ÅﬁÆ¶ÚjÍÄTÐéÛ Ë*ÝÍà)É&%ËJÝÈ('rÍﬁÆ¶ÚêÏ'ÌÞ*)ÄTÛXÍxÚ*+)Ë*ÝÐIÍﬁÆ*Ñ4ÏÈ Òã¨4íP,!ÖãY[Zﬁijy<R^]zÕxM1£UOUXZ¢Zﬁ|Vi1 ﬁijQZk!|<ffjdën^|<ZgoRTYY[Z[|VlègkTf
¢zk!QjijdXgﬁ|VUOdXZﬁQe]VZ©U§kY[hﬁijy<R^]VZ.-ZofjdX]B|zk!U¤VQZoZ0/²|VSVSVUXZ[Ò1-¤2/Õ©Òêð43Tñ*ÕxMVc`k!l<fUXZ`gkTf]#u |Vl<Z-k!¢V¢VQRowBdOYIk!ijdXRTl£¥¤ò¢zk!Q
]VZof´hﬁUXhﬁY[Zﬁl^if´]VZeiì4¢Z
P1
åBZﬁUOUXZ©goRTdOl<gﬁdX]VZ`k!|<ffjd#kon?Zog©U§k\Y[hﬁijy<R^]VZ©]VZ0!`k!UXZﬁQ$#4dOlçZkTfjiêÖ ¨4{^|zk!QZof-Ò5!©ç:¨4¤£¥ªÂÕ²RT|
Zﬁl<goRTQZ\U§kY[hﬁijy<R^]VZ\í©¨4¤£¥ª ]VZ`¤VQk!l<gk76¸k!UãM&Òêð43Tñ*ÕxM
ç&k\Y[hﬁijy<R^]VZ-¨4c©¤£¥ª goRTl<fjdXfjiZ©ïk.îêRT|ViZﬁQ|Vl­QhofjdX]B|¢ÙRTl<]VhﬁQh`ï-U§k\Y[hﬁijy<R4]VZe]VZ.!`k!UXZﬁQ$#4dOl|<f|<ZﬁUOUXZ'å4goZe{^|Vd
goRTl<]B|VdOi©ïU§kµáRTQjY\|VU§k!ijdXRTlf|VdOnTk!l^iZ[¬
Æ¶ÚêÏ'à^Ì!ÍﬁÚ
uh ∈ Vh ÆÍxÛ -ﬁà<Í
ah(uh, v) = fh(v) ∀v ∈ Vh
s
kn?Zog
ah(u, v) = ε(∇u,∇v) + (φ.∇u, v) + (cu, v) +
∑
T∈Th
δT (−ε∆u + φ.∇u + cu, φ.∇v)T
fh(v) = (f, v) +
∑
T∈Th
δT (f, φ.∇v)T
RTä
(., .)T
]VhofjdO«'l<Z­UXZ­¢VQR4]B|VdOiéfgk!U§k!dOQZ­]<k!l<f
L2(T )
Mç&kmgoRTl<fjik!l^iZ
δT
Zofjik!¢V¢ZﬁUXhoZ `ÞXÉBÄTÚjÄTÐIôﬁÆ¶ÚjÍoåZﬁiéfRTl
gy<RTdØwéîêRT|<Z`|VlQ TUXZ\gﬁQj|<gﬁd§k!U:]<k!l<f´UXZof´¢VQRT¢VQjdXhﬁihof]VZ-fjik!SVdOUOdXfk!ijdXRTl]VZ`U§k[¨4c©¤1£ëªèM
P:RT|VQU§k]VhogoRTY¢R'fjdOijdXRTl]VZIU§kµáRTQjY[ZISVdOUOdOl<hk!dOQZ
ah(., .)
Zﬁlè¢zk!QjijdXZ­fjì4Y[hﬁijQjdX{E|<Z­Zﬁi\l<RTlHfjì4Y[hﬁijQjdX{E|<Z'å1RTl
|VijdOUOdXfZ`UXZofµáRTQjY[Zofrfj|VdOn'k!lEiZof-¬
as(u, v) = ε(∇u,∇v) + ((c − 1
2
∇.φ)u, v) +
∑
T∈Th
δT (φ.∇u, φ.∇v)T
b(u, v) =
1
2
((φ.∇u, v) − (φ.∇v, u)) +
∑
T∈Th
δT (−ε∆u + cu, φ.∇v)T
P:RT|VQhﬁij|<]BdXZﬁQrUXZof´¢VQRT¢VQjdXhﬁihof]VZ`U§k[¨4c©¤1£ëªèå<RTl|VijdOUOdXfZﬁQkU§kl<RTQjY[Z-fj|VdOn'k!lEiZI¬
‖v‖SD =
(
ε|v|21 +
∑
T∈Th
δT ‖φ.∇v‖20,T + ‖
√
cv‖20,T
)1/2
.
P:RT|VQ²Uãuvhﬁij|<]VZe]VZU§kpfjik!SVdOUOdOihrZﬁi]VZU§k\goRTlEn?ZﬁQj«?Zﬁl<goZ©]VZrU§k-Y[hﬁijy<R^]VZ`¨4c©¤£¥ªèå^RTldOl^ijQR^]B|VdOi²UXZof²goRTl<fjik!lEiZof
cT
Zﬁi
µinv
n?hﬁQjdØæk!lEi
cT = max
x∈T
|c(x)| ¢RT|VQ T ∈ Th ÒáLBM 0'Õ
‖∆v‖0,T ≤ µinvh−1T |v|1,T ∀v ∈ Vh
ÒáLBMb?Õ
RTä
hT
]VhofdO«'l<Z`UXZ-]Bd§k!Y[WﬁijQZ]VZ`UãuvhﬁUXhﬁY[ZﬁlEi
T
MVç&k[]VZﬁ|BwBdXWﬁY[Z-dOl<hﬁ«Ek!UOdOihpZofji|Vl<Z`¢VQRT¢VQjdXhﬁihpdOlEn?ZﬁQfZ-UXR4gk!UXZ`¢RT|VQ
UXZofhﬁUXhﬁY[ZﬁlEifæ<lVdXf|VijdOUOdXfhof\Òêð sTñå&ðbL.ñ*ÕxM
À
lFk[k!UXRTQf´UXZ©ijy<hoRTQWﬁY[Zpfj|VdOnTk!l^ipÒêðONﬁs'ñ*Õe¬

&@^ zﬃ!2^35m+Ù;¶;
ÝFÅxàÉ?ÉVÏ!ÅoÍ -ﬁà<ÍpÛOÍ -ÞOÉVÄTÚêÄ'Ð[ôoÆ¶ÚjÍ
δT
Ì!óxÚxË âÍ
0 < δT ≤ 1
2
min
( c0
c2T
,
h2T
εµ2inv
)
ÉBÏTà4ÚpÆãÏTàBÆ
T ∈ Th 	 ÒáLBMb·?Õ
ÇÛOÏTÚÊÅ-ÛØÄ
oÏTÚÊÐIÍxË*Û Ë*ÝójÄTË*ÚÍéÈTË§ÅﬁÚôﬁÆÍ
ah(., .)
ÍxÅxÆÏ)ÍxÚﬁË*Ì!Í
ah(v, v) ≥ 1
2
‖v‖2SD ∀v ∈ Vh 	
À
l8]Vho]B|VdOir]VZ-goZ`ijy<hoRTQWﬁY[Z-UãuvZofjijdOYIk!ijdXRTlmk¢VQjdXRTQjd&f|VdOnTk!l^iZ[¬
‖v‖SD ≤ C(‖f‖20 +
∑
T∈Th
δT ‖f‖20,T )1/2.
¡²RTl<goZﬁQjlzk!lEiUXZrgy<RTdØw]VZ
δT
¢ÙRT|VQ²k!Y[hﬁUOdXRTQZﬁQUXZofë¢VQRT¢VQjdXhﬁihof]VZgoRTlEn?ZﬁQj«?Zﬁl<goZ`]VZU§ké¨4c©¤£¥ªèå^RTldOl^ijQR^]B|VdOi
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¢VQhogoWo]VZ'å&RTlÂdOl^ijQR^]B|VdOi-UãuvRT¢ÙhﬁQk!iZﬁ|VQ
Sh : Φh 7→ Φh {^|Vdëï ϕ kTffR4gﬁdXZ Shϕ =
TrΓwH
RTä
wH
Zofji´U§kfRTUO|VijdXRTlF]B|¢VQRTSVUXWﬁY[Zpfj|VdOn'k!lEi\¬
,
ÚjÏTà4Ì!ÍxÚ
wH ∈ VH ÆÍxÛ -ﬁà<Í
a(wH , v) = a1(R1,Hϕ−R1,hϕ, v) ∀ v ∈ VH . ÒáBMON)Õ
céubk!¢VQWof\Ò*s<MbL?Õ ÖÊÒ*s<Mba?ÕﬁåVRTl8n?RTdOi{E|<Z'¬
TrΓe
k+1
h = TrΓwH = ShTrΓe
k
h.
À
l|VijdOUOdXfZﬁQk]<k!l<friRT|VirgoZ`{E|Vdf|VdOiUãu yEì4¢RTijy<WofZ-fj|VdOn'k!lEiZ[¬
\ ﬀ&"(Jﬂ)(* ﬀC#;¶	
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oÄTÐéËJÛ*ÛXÍ`Úó Tà4Û ËãôxÚÍ   	

c`k!l<fëUãubk!lzk!UOìBfZe]VZrU§kpgoRTlEn?ZﬁQj«?Zﬁl<goZ'åVl<RT|<f|VijdOUOdXfZﬁQRTl<fUXZQhofj|VUOik!ifj|VdOnTk!l^iåB]BdOiijy<hoRTQWﬁY[Z©]#uvZxwBiZﬁl<fjdXRTlåB]VhxÖ
Y[RTl^ijQh'å^]<k!l<fUXZgkTffjì^Y[hﬁijQjdX{^|<Zr]Vhxæ<lVd¢R'fdOijdØµ#]<k!l<fðONa!ñå<ðON'NxñåðONxñZﬁiðb·.ñ Òákn?Zogr|Vl<Z]VhﬁY[RTl<fijQk!ijdXRTl]BdØ×#hﬁQZﬁlEiZ
]VZ\goZﬁUOUXZ-]VZðON'Nﬁñ*Õx¬
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ËJÛ&ÍjöTËJÅxÆÍ\ÈEÍxà'ö ÏTÝVÅﬁÆãÄTÝzÆÍÊÅÉBÏ!ÅxË*Æ¶Ë*Ì!ÍÊÅ
C1
ÍﬁÆ
C2
Ë*ÝÈEó ÉVÍxÝÈ?Ä'ÝzÆÍÊÅ\ÈEÍÊÅ
ÉVÄ!Å
h
ÍﬁÆ
H
ÆÍﬁÛJÛXÍÊÅ1-ﬁà<Í´ÉBÏTà4ÚpÆãÏTàBÆ
ϕ ∈ Φh ÏTÝÂÄ
‖ R1,hϕ ‖1≤ C1‖R2,Hϕ‖2 , ‖R2,Hϕ‖2 ≤ C2‖R1,hϕ‖1
óxÐ[ÏTÝVÅﬁÆ¶ÚêÄ?Æ¶Ë¶ÏTÝ
	
À
lènTk8Y[RTlEijQZﬁQé|VlVdX{^|<ZﬁY[ZﬁlEiéU§k8¢VQZﬁYdXWﬁQZdOl<hﬁ«Ek!UOdOih]B|ijy<hoRTQWﬁY[Z'å1Uãubk!|VijQZdOl<hﬁ«Ek!UOdOih­f)uvZﬁl
]Vho]B|VdXfÊk!lEi¢zk!Qfjì4Y[hﬁijQjdXZ'M¡²RTl<fdX]VhﬁQRTl<féUXZofZxwBiZﬁl<fjdXRTl<féyzk!QjY[RTlVdX{^|<ZofgoRTlEijdOl^|<Zof
Riϕ ∈ H1(Ωi), i = 1, 2 å
fRTUO|VijdXRTl<fr]VZof´¢VQRTSVUXWﬁY[Zofefj|VdOn'k!lEif¬
ai(Riϕ, v) = 0 ∀ v ∈ H10 (Ωi)
Riϕ = ϕ sur Γ
Riϕ = 0 sur ∂Ωi ∩ ∂Ω
ÒáBMbL?Õ
ç:k]VhﬁY[RTl<fjijQk!ijdXRTlF]B|ijy<hoRTQWﬁY[Z-Zofi´SzkTfhoZ`fj|VQ]VZﬁ|BwyEì4¢RTijy<WofZof)åVZﬁl¢VUO|<f´]VZ`goZﬁUOUXZofgoRTl<goZﬁQjlzk!lEiUãuvZxw4dXfjiZﬁl<goZ
]VZofZxw4iZﬁl<fdXRTl<f´yzk!QjY[RTlVdX{E|<ZofgoRTlEijdOl^|<ZofeZﬁi]BdXfgﬁQWﬁiZof\¬
ÁU§k[Qhﬁ«'|VU§k!QjdOihé]B|m¢VQRTSVUXWﬁY[ZÒáBMbL?Õﬁå<dãMvZ'MdOU1ZxwBdXfjiZ\|Vl<ZpgoRTl<fjik!l^iZ
C > 0
dOl<]Vhﬁ¢Zﬁl<]<k!l^iZ]VZofr¢zkTf
h
Zﬁi
H
iZﬁU&{^|<Z
||Riϕ||i ≤ C|||ϕ||| ∀ϕ ∈ Φh; ÒáBMba?Õ
ÁU§k]VZﬁ|Bw4dXWﬁY[ZeyEì4¢ÙRTijy<WofZ©goRTl<goZﬁQjl<ZUXZof²¢VQRT¢VQjdXhﬁihof]#ubk!¢V¢VQRw4dOYIk!ijdXRTl]VZof²fRT|<fêÖZofj¢zkTgoZof]#uvhﬁUXhﬁY[ZﬁlEifæ<lVdXf
|VijdOUOdXfhofpÒêð sTñ*Õ`M
À
lmké]#ubk!SRTQ]#¬
||R1,hϕ|| ≤ ||R1ϕ−R1,hϕ||+ ||R1ϕ|| ÒáBM s^Õ
ç&Zof¥¢VQRT¢VQjdXhﬁihof²]#ubk!¢V¢VQRowBdOYIk!ijdXRTl]VZofëfRT|<fêÖZofj¢zkTgoZof]#uvhﬁUXhﬁY[ZﬁlEifæ<lVdXf¥|VijdOUOdXfhofë]VRTlVl<ZﬁlEi²UãuvZofjijdOYIk!ijdXRTlfj|VdOn'k!lEiZ'¬
||R1ϕ−R1,hϕ|| ≤ CHs||R1ϕ||1+s
Pk!QrQhﬁ«'|VU§k!QjdOihp]B|¢VQRTSVUXWﬁY[ZÒáBMbL?ÕRTlmkB¬
||R1ϕ||1+s ≤ C||ϕ|| 1+s
2
,Γ .
ZﬁiZﬁl|VijdOUOdXfk!lEiUXZof´yEì4¢RTijy<WofZofdOlEn?ZﬁQfZofå<RTlFk[k!|<ffdã¬
||ϕ|| 1+s
2
,Γ ≤ CH−s||ϕ|| 1
2
,Γ .
Uãu dOl<hﬁ«Ek!UOdOih­ÒáBM s^Õ²¢ÙZﬁQjY[Zﬁik!UXRTQfr]#ubkn?RTdOQ´æ<lzk!UXZﬁY[ZﬁlEi¬
||R1,hϕ|| ≤ C||ϕ|| 1
2
,Γ .
P1RT|VQgoRTl<gﬁUO|VQZpRTlQZﬁYIk!Q{E|<Zp{E|<Z'åB¢zk!Q]Vhxæ<lVdOijdXRTlF]VZ`U§kl<RTQjY[Z ||.|| 1
2
,Γ
åVRTlkB¬
||ϕ|| 1
2
,Γ ≤ C||R2,Hϕ||
£lèk!¢V¢VUOdX{^|zk!lEiégoZ[Qhofj|VUOik!iéïU§kijQjd§k!lV«'|VU§k!ijdXRTlò«'QR'ffjdXWﬁQZ TH å&RTlRTSVijdXZﬁlEié]VZof-QZﬁU§k!ijdXRTl<fék!lzk!UXRT«'|<ZoféZﬁl
QZﬁY¢VU§kk!l^i
R1,hϕ
¢zk!Q
R1,Hϕ
M
¨^dRTl8dOlEijQR4]B|VdOiUXZofgoRTl<fik!lEiZofefj|VdOnTk!l^iZofpÒ*|VijdOUXZof]<k!l<frUãubk!lzk!UOì4fZ`]VZ`U§kégoRTlEn?ZﬁQj«?Zﬁl<goZ)Õx¬
σh = sup{
||R1,hϕ||21
||R2,Hϕ||22
, ϕ ∈ Φh}; τh = sup{
||R2,Hϕ||22
||R1,hϕ||21
, ϕ ∈ Φh}; ÒáBMb?Õ
σH = sup{||R1,Hϕ||
2
1
||R2,Hϕ||22
, ϕ ∈ Φh}; τH = sup{||R2,Hϕ||
2
2
||R1,Hϕ||21
, ϕ ∈ Φh}; ÒáBMb~?Õ
RTlmkk!UXRTQfåV«'QTgoZ\k!|8ijy<hoRTQWﬁY[ZpBMbLBåVUXZof´QZﬁU§k!ijdXRTl<frf|VdOnTk!l^iZof\¬
1
C22
≤ σh ≤ C21 ,
1
C21
≤ τh ≤ C22
ÒáBM 0'Õ
Zﬁi]VZof´QZﬁU§k!ijdXRTl<fdX]VZﬁl^ijdX{E|<ZofeZﬁlQZﬁY¢VU§kk!lEi
σh
Ò*QZofj¢M
τh
Õ¢zk!Q
σH
Ò*QZof¢M
τH
ÕxM
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À
l8goRTl<fjdX]VWﬁQZ`UXZ-gkTfr]#u |Vl8¢VQRTSVUXWﬁY[Z\]VZ`goRTl^n?ZogﬁijdXRTlBÖ]BdØ×|<fjdXRTlfjik!ijdXRTlVlzk!dOQZ'¬
ijQRT|Vn?ZﬁQ
u ∈ H10 (Ω)
iZﬁU&{^|<Z
a(u, v) = (f, v) ∀v ∈ H10 (Ω)
ÒáBMb?Õ
RTä¬
a(u, v) =
∫
Ω
[
a˜∇u.∇v + vb˜.∇u + c˜uv
]
dx.
À
lgoRTl<fjdX]VWﬁQZ`U§k]VhogoRTY¢ÙR'fjdOijdXRTl
a(., .) = as(., .) + b(., .)
kon?Zog
as(u, v) =
∫
Ω
a˜∇u.∇vdx ; b(u, v) =
∫
Ω
[
v(b˜.∇u) + c˜uv
]
dx
À
lfj|V¢V¢ÙR'fZ[{^|<Z[UXZofpgoR^ZxqIgﬁdXZﬁl^ifpfRTl^ipfj|BqIfÊk!YY[ZﬁlEiQhﬁ«'|VUOdXZﬁQfpZﬁi{E|<ZU§kµ*QRTl^ijdXWﬁQZI]B|ò]VRTYIk!dOl<Z
Ω
Zofji
f|BqIfk!YY[ZﬁlEiQhﬁ«'|VUOdXWﬁQZ'å<¢zk!QrZxwVZﬁY¢VUXZ`UOdO¢<fgyVdOi+odXZﬁlVl<Z-¢zk!QY[RTQgoZk!|Bw#M
À
lÂfk!dOi-k!UXRTQf`{E|<Z'åÙfRT|<f`goZof©y^ì^¢ÙRTijy<WofZof`Zﬁi`fjdUXZof©goRTl<]BdOijdXRTl<f-]VZgoRTY¢zk!ijdOSVdOUOdOih[fj|VQ©UXZéfZogoRTl<]mY[ZﬁY\SVQZ
ZﬁiUXZof´goRTl<]BdOijdXRTl<fk!|Bw­UOdOYdOiZof´fRTlEin?hﬁQjdØæzhoZofåBUXZe¢VQRTSVUXWﬁY[Z[ÒáBMb?Õ²kT]BY[Zﬁi´|Vl<Z©fRTUO|VijdXRTl|VlVdX{E|<ZÒêð 0.ñåðb!ñ*ÕxMBP:RT|VQ
UXZofe¢VQRTSVUXWﬁY[Zof-]BdXfgﬁQZﬁifQZﬁl<goRTl^ijQhofå#RTlfk!dOi©k!|<ffjd1{^|<Z'åfRT|<f©goZofY  ﬁY[Zof©y^ì^¢ÙRTijy<WofZof©Zﬁi©¢RT|VQjn4|{E|<ZpUXZ\¢zkTf
«'QR'ffjdXZﬁQ
H
fRTdOirkTffZ`¢ÙZﬁijdOiåVdOUXfrkT]BY[ZﬁijiZﬁlEi|Vl<Z-fRTUO|VijdXRTl8|VlVdX{^|<Z-fj|BqIfÊk!YY[ZﬁlEirQhﬁ«'|VUOdXWﬁQZ­ÒêðON.ñ*ÕxM

U:ZﬁlFQhofj|VUOiZk!UXRTQf{^|<Z-fjd:UXZ-¢zkTf«'QR'ffjdXZﬁQ
H
ZofjikTffZ\¢ÙZﬁijdOiå<UXZ`ijy<hoRTQWﬁY[Z]#uvZxwBiZﬁl<fjdXRTlmZofinTk!U§k!SVUXZ'MçZof
¢VQZﬁ|Vn?Zofr]VZof´yEì4¢RTijy<WofZof-ÒáBMON'N)Õ²Zﬁi\ÒáBMON 0'Õ²hﬁik!lEik!lzk!UXRT«'|<ZofåVRTl8fZUOdOYdOiZﬁQkïU§kpn?hﬁQjdØæzgk!ijdXRTlF]VZ[ÒáBMON'N)ÕxåVgoZﬁUOUXZ
]VZÒáBMON 0'Õfj|VdOi´UXZofY  ﬁY[ZofUOdO«'l<ZofrZﬁl8QZﬁY¢VU§kk!l^i
V˜1,H
¢zk!Q
V˜H
Zﬁi
H10 (Ω1)
¢zk!Q
H10 (Ω)
M
À
l8goRTl<fjdX]VWﬁQZ`¢ÙRT|VQrgoZﬁU§kéUXZ©¢VQRTSVUXWﬁY[ZkT]!îêRTdOl^i¬
ijQRT|Vn?ZﬁQ
v ∈ H10 (Ω1)
iZﬁU{^|<Z
a1(w, v) = (f, w) ∀w ∈ H10 (Ω1)
ÒáBMb·?Õ
{^|<Z8UãuvRTl fj|V¢V¢ÙR'fZkTffZ8Qhﬁ«'|VUOdXZﬁQå²¢VUO|<f[¢VQhogﬁdXfhﬁY[Zﬁl^i{^|<ZFgoZF¢VQRTSVUXWﬁY[ZmkT]BY[Zﬁi­|Vl<ZFfRTUO|VijdXRTlÁ|VlVdX{^|<Z
v ∈
H1+α(Ω1)
¢ÙRT|VQ´iRT|Vi
f ∈ Hα−1(Ω1) ¢RT|VQ|Vl α ∈ ]0, 1] æVwVh`Zﬁir{^|<Z¬
||v||1+α ≤ C||f ||α−1 ÒáBMON ?Õ
À
lnTké]#ubk!SÙRTQ]Y[RTl^ijQZﬁQrUXZ`UXZﬁYY[Z-f|VdOnTk!l^i¬
 
5^3è365m#;XK#;
'´Ï'à^Ú\ÆãÏ'à4Æ
u ∈ V˜1,H
"
ÏTÝÂÄ 
||u||1−α ≤ CHα||u||1
óxÐ[ÏTÝVÅﬁÆ¶ÚêÄ?Æ¶Ë¶ÏTÝ
	
¨4RTdOi
u ∈ V˜1,H åVRTlkk!UXRTQfr¢zk!Q]Vhxæ<lVdOijdXRTl¬
a1(u,w) = 0 ∀w ∈ V 01,H .
À
lnTkIZofjijdOY[ZﬁQ ||u||1−α ¢zk!Q|Vlmk!Qj«'|VY[ZﬁlEi©]VZ\]B|zk!UOdOih'åÙk!¢V¢ÙZﬁUXhpk!|<ffjd1k!Qj«'|VY[ZﬁlEi`]VZ\tdOifgy<Z'MP:RT|VQ©goZﬁU§kBåzfRTdOi
f ∈ Hα−1(Ω1) Zﬁi v U§kfRTUO|VijdXRTlF]B|8¢VQRTSVUXWﬁY[ZpkT]!îêRTdOl^iÒáBMb·?Õ]Vhxæ<lVd&f|VQ Ω1 M
À
lkk!UXRTQf¬
(u, f) = a1(u, v)
= a1(u, v − w) ∀w ∈ V 01,H (car u ∈ V˜1,H)
≤ C||u||1 inf
w∈V 0
1,H
||v − w||1 .
£¥l8|VijdOUOdXfk!lEi©k!UXRTQf´U§ké¢VQRT¢VQjdXhﬁihp]#ubk!¢V¢VQRowBdOYIk!ijdXRTlmfjik!l<]<k!Q]Ffj|VdOnTk!l^iZIÒêð sTñ*Õx¬V¢ÙRT|VQ´iRT|Vi
u ∈ H10 (Ω1)
inf
w∈V 0
1,H
||v − w||1 ≤ CHα||u||1+α
N 
ZﬁirUãu yEì4¢RTijy<WofZ\]VZ`Qhﬁ«'|VU§k!QjdOihIÒáBMON ?Õﬁå<RTl8RTSVijdXZﬁl^i¬
(u, f) ≤ CHα||v||1+α||u||1
≤ CHα||u||1||f ||α−1
À
Qå<¢zk!Qr]Vhxæ<lVdOijdXRTlåzRTlFkB¬
||u||1−α = sup
{
(u, f)
||f ||α−1 , f ∈ H
α−1(Ω1), f 6= 0
}
goZ\{E|Vd#l<RT|<f]VRTlVl<Z©æ<lzk!UXZﬁY[ZﬁlEi
||u||1−α ≤ CHα||u||1•
P1RT|VQn?hﬁQjdØæzZﬁQ´Uãu y^ì^¢ÙRTijy<WofZ[ÒáBMON'N)ÕxåBRTl8goRTl<fjdX]VWﬁQZ`]#ubk!SÙRTQ]UXZ©gkTf´RTä
u ∈ V˜1,H Zﬁi v ∈ V1,h M4£¥l­dOl^ihﬁ«'Qk!lEi¢zk!Q
¢zk!QjijdXZof)å<RTlFRTSVijdXZﬁlEi¬ ∫
Ω1
v(b˜.∇u)dx = −
∫
Ω1
u∇.(v.b˜)dx +
∫
∂Ω1
(uv.b˜).~nds ;
RTä
~n
]VhofdO«'l<Z`U§kl<RTQjYIk!UXZ\ZxwBihﬁQjdXZﬁ|VQZ\ï
∂Ω1
Mz¡²RTYY[Z
u ∈ V˜1,H åVRTlkéZﬁl8¢zk!QjijdXgﬁ|VUOdXZﬁQ u = 0 fj|VQ Γ åv]#uvRTä¬∫
Ω1
v(b˜.∇u)dx = −
∫
Ω1
u∇.(vb˜)dx
À
lRTSVijdXZﬁlEiæ<lzk!UXZﬁY[Zﬁl^i¬
b1(u, v) = −
∫
Ω1
u∇.(vb˜)dx +
∫
Ω1
cuvdx .
À
lmkk!UXRTQf«'QTgoZ\k!|BwyEì4¢RTijy<WofZofrfj|VQ´UXZofgoR4ZxqIgﬁdXZﬁlEif
b˜
Zﬁi
c˜
ZﬁiZﬁlF|VijdOUOdXfk!lEiUãu dOl<hﬁ«Ek!UOdOihp]VZ TUX]VZﬁQ¬
|b1(u, v)| ≤ C||u||0 ||v||1
ZﬁlF|VijdOUOdXfk!lEieZﬁl<fj|VdOiZ©UXZ`UXZﬁYY[Z\BMbaZﬁi´UXZ`µák!dOi{^|<Z ||u||0 ≤ ||u||1−α åVRTlFRTSVijdXZﬁl^i¬
|b1(u, v)| ≤ CHα||u||1 ||v||1
c`k!l<frUXZ`gkTfRTä
v ∈ V˜1,H Zﬁi u ∈ V1,h å<RTlFk[k!UXRTQfr]BdOQZogﬁiZﬁY[ZﬁlEi¬
|b1(u, v)| ≤ C||v||0||u||1
≤ CHα||u||1||v||1.
À
lFk]VRTl<g'å<ZﬁlQhofj|VY[h'å<Y[RTlEijQh\{^|<Z`fjd
u
RT|
v ∈ V˜1,H k!UXRTQf¬
|b1(u, v)| ≤ CHα||u||1||v||1.

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H
ÅÊàHÅﬁÄTÐéÐIÍxÝzÆ#ÉVÍﬁÆ¶Ë¶ÆáM
#;§+Ù;§+ \AV>["150*A636@Eﬂ)& #"15	#=8 7

UzQZofjiZï`hﬁij|<]BdXZﬁQ²UXZiZﬁQjY[Zfj|VdOn'k!lEi
∑
T∈T1,H
δT
∫
T
(−ε∆u+ cu)~b.∇v dx ]<k!l<fUXZrgkTfRTä u RT| v ∈ V˜1,H M
ç&ZiZﬁQjY[Z
∑
T∈T1,H
∫
T cu
~b.∇vdx ¢ÙZﬁ|Vi  ﬁijQZijQk!dOih©]VZrU§k-Y  ﬁY[ZYIk!lVdXWﬁQZ©{^|<Zr]<k!l<f²UXZegkTf¢VQhogoho]VZﬁl^iM  UQZofjiZ
ï[ZofjijdOY[ZﬁQUXZ©iZﬁQjY[Z
∑
T∈T1,H
δT
∫
T −ε∆u~b.∇v dx
M
¨4RTdOi]VRTl<g
u ∈ V˜1,H Zﬁi v ∈ V 01,H
M
À
lkk!UXRTQf
|δT
∫
T
ε∆u~b.∇v dx| ≤ CεδT ‖∆u‖0,T |v|1,T
≤ CεδT µinvh−2T ‖u‖0,T |v|1,T
Ò¶]#ubk!¢VQWofpÒáLBM 0'ÕÕ
≤ C‖u‖0,T |v|1,T Ò¶]#ubk!¢VQWofpÒáLBMb·?ÕÕ
]#uvRTä
|
∑
T∈T1,H
δT
∫
T
ε∆u~b.∇vdx| ≤ C
∑
T∈T1,H
‖u‖0,T |v|1,T
goZ\{E|Vd]VRTlVl<Z-ZﬁlBæ<lZﬁl8|VijdOUOdXfk!lEirUãu dOl<hﬁ«Ek!UOdOih\]VZp¡k!|<gyEì^Ö ¨4gy k!Q+
∑
T∈T1,H
δT
∫
T
ε∆u~b.∇vdx ≤ C‖u‖0|v|1
¡²Zogﬁd¢ÙZﬁQjY[Zﬁir]VZ©Y[RTlEijQZﬁQåZﬁl|VijdOUOdXfk!lEiUXZ`Y  ﬁY[Z`Qk!dXfRTlVl<ZﬁY[Zﬁl^ie{^|<Z`]<k!l<fU§kéfZogﬁijdXRTl8¢VQhogoho]VZﬁlEiZ'å{E|<Z`fd
u
RT|
v ∈ V˜1,H k!UXRTQf¬
|
∑
T∈T1,H
δT
∫
T
(−ε∆u + cu)~b.∇v dx| ≤ CHα||u||1||v||1.
     ﬀﬃﬁ!$#&% ()%

ﬀ 

% .%

%
 

c`k!l<fgoZ©gkTfU§k-µáRTQjY[ZS­goRTQjQZofj¢ÙRTl<]ï-U§k\¢zk!QjijdXZ`k!lEijdXfjì4Y[hﬁijQjdX{^|<Ze]VZU§k-µ¶RTQjY[Z
a(., .)
M
À
l­]Vhxæ<lVdOi´]#ubk!SÙRTQ]
UXZ\fRT|<fêÖZofj¢zkTgoZ-f|VdOnTk!l^i-¬
V˜1,H =
{
z ∈ V 01,h : a1(z, v) = 0 ∀ v ∈ V 01,H
}
P:RT|VQhﬁij|<]BdXZﬁQrU§kn4dOiZoffZ`]VZ`goRTlEn?ZﬁQj«?Zﬁl<goZ'åRTlµãk!dOi´Uãu yEì4¢RTijy<WofZ-fj|VdOn'k!lEiZ-fj|VQ´U§kéµ¶RTQjY[Z
b(., .)
¬
{ ∀ ε > 0 ,∃H0 > 0 iZﬁU&{^|<Z©¢ÙRT|VQ´iRT|Vi H ∈ ]0,H0] RTlrk :
|b1(u, v)| ≤ ε||u||1||v||1 ¢RT|VQViRT|Vi (u, v) RT| (v, u) ∈ V˜1,H × V1,h
ÒáBMON'N)Õ
RTäRTlF]VhofjdO«'l<Z©¢zk!QU§kµáRTQjY[Z
b1(., .)
U§kQZofjijQjdXgﬁijdXRTlF]VZ`U§kpµáRTQjY[Z
b(., .)
k!|8]VRTYIk!dOl<Z
Ω1
M
ç¥u yEì4¢ÙRTijy<WofZmÒáBMON'N)Õ-QZﬁn4dXZﬁlEiZﬁl6µãk!dOiéïF]BdOQZ'å:]VZ 
oÄ)ÏTÝÄÊÉ?ÉÚêÏ ﬁÑBóÍﬁå¥{^|<ZIfdëUXZofp¢zkTffRTlEikTffZ¢ÙZﬁijdOifå&U§k
¢zk!QjijdXZel<RTlfjì4Y[hﬁijQjdX{E|<Ze]VZrU§k-µáRTQjY[Z
a(., .)
å<k!¢V¢VUOdX{^|<hoZek!|BwhﬁUXhﬁY[Zﬁl^if´]VZ
V˜1,H ×V1,h RT|]VZ V1,h× V˜1,H luvZofi
¢zkTf\dOY¢RTQjik!l^iZ]VZﬁn'k!lEi\U§k¢zk!QjijdXZIfjì4Y[hﬁijQjdX{^|<Z[goR^ZﬁQgﬁdOn?Z
as(., .)
M
À
l6Y[RTlEijQZﬁQkF{E|<ZUãu y^ì^¢ÙRTijy<WofZmÒáBMON'N)Õ©Zofji
n?hﬁQjdØæzhoZp]<k!l<f´UXZ-gkTf]#u |VlF¢VQRTSVUXWﬁY[Z\]VZ`goRTlEn?ZogﬁijdXRTlBÖ]BdØ×Ù|<fjdXRTlfjik!ijdXRTlVlzk!dOQZ'M
À
lnTkY[RTl^ijQZﬁQrYIk!dOl^iZﬁlzk!lEieUXZ`Qhofj|VUOik!i¢VQjdOl<gﬁdO¢zk!U&f|VdOnTk!l^i¬

&@^ zﬃ!2^35Â#;O;
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(H1)
ÍﬁÆ 
	ﬂ! "
ËJÛÍjöTËJÅxÆÍ
δ < 1
Ë*ÝÈEóÉVÍﬁÝÈ?ÄTÝzÆ´ÈEÍ
h
ÍﬁÆ
H
ØÉVÏTà^Ú
H
ÄTÅÅoÍ ÉVÍﬁÆ¶Ë¶Æ
 
ÆÍxÛ -ﬁà<Í 
|||Shϕ||| ≤ δ|||ϕ||| ∀ϕ ∈ Φh
óxÐ[ÏTÝVÅﬁÆ¶ÚêÄ?Æ¶Ë¶ÏTÝ
	
£¥lF¢VQZﬁlzk!lEi
v = wH
]<k!l<fU§kQZﬁU§k!ijdXRTlÒáBMON)ÕrZﬁirZﬁlF|VijdOUOdXfk!l^i©UXZ©µák!dOie{E|<Z
w1,H = R1,HShϕ
Ò*UXZﬁYY[ZN)ÕxåVRTlFRTSVijdXZﬁlEi¬
a(wH , wH) = a1(R1,Hϕ−R1,hϕ,R1,HShϕ) ÒáBMONL?Õ
À
lFnTkéhﬁij|<]BdXZﬁQrfhﬁ¢zk!QhﬁY[ZﬁlEi©gyzkT{^|<Z`iZﬁQjY[Z-]VZ-goZﬁijiZ-hﬁ«Ek!UOdOih'M
À
lké]#ubk!SRTQ]#¬
a(wH , wH) = a1(R1,HShϕ,R1,HShϕ) + a2(R2,HShϕ,R2,HShϕ)
= ||R1,HShϕ||21 + ||R2,HShϕ||22 .
P1RT|VQ-YdOl<RTQZﬁQ`UXZY[ZﬁY\SVQZI]VZp«Ek!|<gy<Z[]VZégoZﬁijiZQZﬁU§k!ijdXRTlåRTl|VijdOUOdXfZUXZéijy<hoRTQWﬁY[Z[BMbLZﬁi`UXZofeQZﬁU§k!ijdXRTl<fIÒáBMb?Õ 
RTlRTSVijdXZﬁlEiek!UXRTQf)¬
a(wH , wH) ≥ σH
1 + σH
||R1,HShϕ||21
ÒáBMONa?Õ
À
lFnTkYIk.îjRTQZﬁQYIk!dOlEiZﬁlzk!l^iUXZ-iZﬁQjY[Z-]VZ`]BQRTdOiZ-]VZIÒáBMONL?ÕﬁåVRTlmk
a1(R1,Hϕ−R1,hϕ,R1,HShϕ) = a1s(R1,Hϕ−R1,hϕ,R1,HShϕ) + b1(R1,Hϕ−R1,hϕ,R1,HShϕ)
≤ ||R1,Hϕ−R1,hϕ||1||R1,HShϕ||1 + b1(R1,Hϕ−R1,hϕ,R1,HShϕ)
ZﬁlF|VijdOUOdXfk!lEiUãu yEì4¢RTijy<WofZ
(H2)
å<RTlFRTSVijdXZﬁl^i¬
a1(R1,Hϕ−R1,hϕ,R1,HShϕ) ≤ (1 + ε)||R1,Hϕ−R1,hϕ||1||R1,HShϕ||1 ÒáBMONﬁs^Õ
NL
£¥lFgoRTY\SVdOlzk!l^iUXZof´QZﬁU§k!ijdXRTl<fÒáBMONa?Õ ÖÊÒáBMONﬁs^ÕﬁåVRTlRTSVijdXZﬁlEirZﬁlBæ<l¬
||R1,HShϕ||1 ≤ (1 + ε) σH
1 + σH
||R1,Hϕ−R1,hϕ||1 ÒáBMON?Õ
Pk!Qek!dOUOUXZﬁ|VQf)å<RTlk¢zk!Qr]Vhxæ<lVdOijdXRTlF]VZ
R1,Hϕ
¬
||R1,Hϕ−R1,hϕ||21 = a1(R1,Hϕ−R1,hϕ,R1,Hϕ−R1,hϕ)
= a1(R1,Hϕ,R1,Hϕ−R1,hϕ)
= a1s(R1,Hϕ,R1,Hϕ−R1,hϕ) + b1(R1,Hϕ,R1,Hϕ−R1,hϕ)
ZﬁlF|VijdOUOdXfk!lEi©k!UXRTQf´Uãu dOl<hﬁ«Ek!UOdOih\]VZ\¡k!|<gyEì^Ö ¨4gy k!Q+[ZﬁiUãu yEì4¢ÙRTijy<WofZIÒáBMON'N)Õxå<RTlFRTSVijdXZﬁl^i¬
||R1,Hϕ−R1,hϕ||21 ≤ (1 + ε)||R1,Hϕ||1||R1,Hϕ−R1,hϕ||1
Zﬁi]VRTl<g'¬
||R1,Hϕ−R1,hϕ||1 ≤ (1 + ε)||R1,Hϕ||1
goZ\{E|Vd#l<RT|<f]VRTlVl<Z©æ<lzk!UXZﬁY[ZﬁlEi©kon?ZogÒáBMON?Õx¬
||R1,HShϕ||1 ≤ (1 + ε)2 σH
1 + σH
||R1,Hϕ||1 ÒáBMON~?Õ
P1RT|VQekTgy<Zﬁn?ZﬁQrU§ké¢VQZﬁ|Vn?Z\]B|ijy<hoRTQWﬁY[Z'å<dOUQZofjiZ-ïY[RTl^ijQZﬁQ{^|u dOU&ZxwBdXfjiZ©|Vl<Z-goRTl<fjik!l^iZ
δ < 1
iZﬁU&{E|<Z'¬
(1 + ε)2
σH
1 + σH
≤ δ
¢ÙRT|VQ
H
fj|BqIfk!YY[ZﬁlEi¢ZﬁijdOiM
À
Qåz]#ubk!¢VQWofU§kéQZﬁU§k!ijdXRTlèÒáBM 0'Õ`åVRTlk
1
C21
≤ σH ≤ C21
]#uvRTä¬
σH
1 + σH
≤ C
2
1
1 + C21
.
£¥l8¢VQZﬁlzk!lEi©k!UXRTQf
H
f|BqIfk!YY[ZﬁlEi¢ZﬁijdOiåVRTl8¢ÙZﬁ|Vi´ijQRT|Vn?ZﬁQåz]#ubk!¢VQWofÒáBMON'N)Õ²|VlQhoZﬁU
δ > 0
iZﬁU&{^|<Z'¬
(1 + ε)2
σH
1 + σH
≤ δ < 1
goZ\{E|Vd#¢ÙZﬁQjY[Zﬁir]VZ-goRTl<gﬁUO|VQZ`U§k¢VQZﬁ|Vn?Z-]B|ijy<hoRTQWﬁY[Z •
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"
ÄTÛØÏ'ÚÅIÛXÍ­Æ*ÑBójÏ'ÚjôxÐIÍ ﬁËJÞêÈEÍÊÅÊÅÊà^ÅÍÊÅxÆeÌ.Ä'ÛØÄ ﬁÛOÍÅﬁÄTÝVÅ
Ä'àﬁà4ÝÍ Ï'ÝÈTË¶Æ¶Ë¶ÏTÝÅÊà4Ú
H
"
ÄTÚ-ÛOÄ 
ﬁÏTÚxÐIÍ
b(., .)
ÍxÅxÆÝ<à^Û*ÛXÍÏTÝÂÄÄTÛOÏTÚÊÅ-Ûjõ ÍÊÅﬁÆ¶ËJÐ[Ä'Æ¶ËáÏTÝ8Åxà^Ë*Ì.ÄTÝÆÍ 
|||Shϕ||| ≤ σH
1 + σH
|||ϕ||| ∀ϕ ∈ Φh
%Ý
oÄTË¶ÆëÈ?ÄTÝ<ÅÊÍ Ä!Å
"
ÍﬁÆáÆÍÍÊÅﬁÆ¶ËJÐ[Ä'Æ¶ËáÏTÝÉ<Íxà4Æ ﬁÆ¶ÚÍéÄTÐIóxÛÜË¶Ï'ÚjóÍ ÏTÐéÐ[Í-Åxà^Ë¶Æ 
|||Shϕ||| ≤ σH
1 + σH
(
1− 1
σHτh
)1/2
|||ϕ||| ∀ϕ ∈ Φh•
óxÐ[ÏTÝVÅﬁÆ¶ÚêÄ?Æ¶Ë¶ÏTÝ
	
£¥l8Zx×ÙZﬁiå<Zﬁl¢VQZﬁlzk!l^i
ε = 0
]<k!l<f´U§kQZﬁU§k!ijdXRTlòÒáBMON?ÕoåVRTlFRTSVijdXZﬁlEi¬
||R1,HShϕ||1 ≤ σH
1 + σH
||R1,Hϕ−R1,hϕ||1
P1RT|VQZofijdOY[ZﬁQ ||R1,Hϕ−R1,hϕ||1 åVRTln'k|VijdOUOdXfZﬁQU§kfjì4Y[hﬁijQjdXZ`]VZ`U§kpµáRTQjY[Z a(., .) goRTYY[Z\fj|VdOi¬
||R1,Hϕ−R1,hϕ||21 = ||R1,Hϕ||21 + ||R1,hϕ||21 − 2a1(R1,Hϕ,R1,hϕ)
RTQå<¢zk!Qr]Vhxæ<lVdOijdXRTl]VZ
R1,Hϕ
RTlFkB¬
a1(R1,hϕ,R1,Hϕ−R1,hϕ) = 0;
]#uvRTä¬
a1(R1,Hϕ,R1,hϕ) = ||R1,hϕ||21
Zﬁiek!UXRTQf¬
||R1,Hϕ−R1,hϕ||21 = ||R1,Hϕ||21 − ||R1,hϕ||21
Pk!Qek!dOUOUXZﬁ|VQfZﬁl|VijdOUOdXfk!lEiUXZ©ijy<hoRTQWﬁY[Z\]#uvZxwBiZﬁl<fjdXRTlå<RTlFRTSVijdXZﬁl^ifj|<gogoZoffjdOn?ZﬁY[ZﬁlEi¬
||R1,hϕ||1 ≥ 1
τh
||R2,Hϕ||2
≥ 1
σHτh
||R1,Hϕ||1
À
lmkk!UXRTQf¬
||R1,Hϕ−R1,hϕ||21 ≤
(
1− 1
σHτh
)
||R1,Hϕ||21
goZ\{E|Vd#¢ÙZﬁQjY[Zﬁir]VZ-goRTl<gﬁUO|VQZ'M
     ﬀﬃﬁ!$#&% ()%

ﬀ 

% .%

%
 

À
lFgoRTl<fjdX]VWﬁQZ\dXgﬁdUXZ-gkTfrRTäFU§kéµáRTQjY[Z
a(., .)
luvZofji¢zkTfgoR4ZﬁQgﬁdOn?Z\ZﬁiU§kµáRTQjY[Z
b(., .)
l<RTlhﬁ«Ek!UXZ\ï[fké¢zk!QjijdXZ
k!l^ijdXfjì4Y[hﬁijQjdX{E|<Z'M#P1RT|VQ`hﬁl<RTl<goZﬁQeUãu y^ì^¢ÙRTijy<WofZfj|V¢V¢VUXhﬁY[ZﬁlEik!dOQZ[ï[µãk!dOQZpfj|VQeU§kéµáRTQjY[ZpSåRTlmdOlEijQR4]B|VdOi©UXZpfRT|<fjÖ
Zof¢zkTgoZ-RTQjijy<RT«?RTlzk!U:]VZ
VH
¢zk!QrQk!¢V¢RTQjiïU§kéµ¶RTQjY[Z-kB¬
V˜H = {z ∈ Vh : a(z, v) = 0 ∀ v ∈ VH}
ZﬁiRTl8fj|V¢V¢R'fZ-k!UXRTQfr{^|<Z©UãuvRTlkU§ké¢VQRT¢VQjdXhﬁih\f|VdOnTk!l^iZ'¬
{ ∀ ε > 0 ,∃H0 > 0 iZﬁU{^|<Z`¢RT|VQ´iRT|Vi H ∈ ]0,H0] RTlk :
|b(u, v)| ≤ ε||u|| ||v|| ¢RT|VQ´iRT|Vi (u, v) ∈ V˜H × Vh
ÒáBMON 0'Õ
À
lFk[k!UXRTQf´UXZ©Qhofj|VUOik!ifj|VdOnTk!l^i¬

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(H1)
"
 
	ﬂ! "
ÍﬁÆ 
	ﬂ  "
ËJÛ&Íjö'Ë§ÅﬁÆÍ-à4ÝFÚóÍxÛ
δ < 1
ËJÝÈEóÉVÍxÝÈ?ÄTÝzÆ²ÈEÍ
h
ÍoÆ
H
ØÉVÏTà^Ú
H
Ä!ÅÅÍ ´ÉVÍﬁÆ¶Ë¶Æ
 
ÆÍxÛ -ﬁà<Í
|||Shϕ||| ≤ δ|||ϕ||| ∀ϕ ∈ Φh
óxÐ[ÏTÝVÅﬁÆ¶ÚêÄ?Æ¶Ë¶ÏTÝ
	
ç:k-¢VQZﬁ|Vn?Z©fj|VdOi²UXZofëY  ﬁY[ZofUOdO«'l<Zof{^|<ZgoZﬁUOUXZe]B|­ijy<hoRTQWﬁY[Z©BM s<åVï\UãuvZxwBgoZﬁ¢VijdXRTl]VZU§k-YdOl<RTQk.Ö
ijdXRTl]B|8iZﬁQjY[Z
a(wH , wH)
åzZﬁlFZx×ÙZﬁi]<k!l<fUXZ-gkTf´¢VQhofZﬁl^irRTlkB¬
a(wH , wH) = ||R1,HShϕ||21 + ||R2,HShϕ||21 + b(wH , wH)
= ||wH ||2 + b(wH , wH)
RTäRTlk`UXZiZﬁQjY[Z
b(wH , wH)
Zﬁl­¢VUO|<fMEªk!dXf
wH 6∈ V˜H ZﬁiRTl­l<Z¢ÙZﬁ|Vi]VRTl<gr|VijdOUOdXfZﬁQ²Uãu yEì4¢ÙRTijy<WofZÒáBMON 0'Õ¥¢ÙRT|VQ
ZofijdOY[ZﬁQrgoZ`iZﬁQjY[Z[åVRTl8n'kéhﬁik!SVUOdOQrgoZﬁ¢ÙZﬁl<]<k!lEiUXZ©Qhofj|VUOik!irfj|VdOn'k!lEi\¬
|b(wH , wH)| ≤ 6ε
(||wH ||2 + ||R1,Hϕ−R1,hϕ||21) ÒáBMON?Õ
£¥lFZx×ÙZﬁifjdRTl¢R'fZ'¬
wh = wH −R1,Hϕ + R1,hϕ å<k!UXRTQf]#ubk!¢VQWof\ÒáBMON)ÕRTlkB¬
a(wh, v) = 0 ∀ v ∈ VH
goZ\{E|VdZﬁl^ijQkXl<Z\{^|<Z
wh ∈ V˜H M
À
lkk!UXRTQf¬
b(wH , wH) = b(wh, wh) + b(R1,Hϕ−R1,hϕ,R1,Hϕ−R1,hϕ) + b(wh, R1,Hϕ−R1,hϕ)+
+b(R1,Hϕ−R1,hϕ,wh)
Nﬁs
¡²RTYY[Z
wh ∈ V˜H Zﬁi R1,Hϕ − R1,hϕ ∈ V˜1,H å&RTlò¢Zﬁ|Vip|VijdOUOdXfZﬁQUXZof\y^ì^¢ÙRTijy<WofZofÒáBMON'N)Õ-ZﬁiÒáBMON 0'ÕxågoZI{^|Vd
]VRTlVl<Z'¬
|b(wH , wH)| ≤ ε
(||wh||2 + ||R1,Hϕ−R1,hϕ||21 + 2||wh||||R1,Hϕ−R1,hϕ||)
≤ 2ε (||wh||2 + ||R1,Hϕ−R1,hϕ||21)
ZﬁigoRTYY[Z ||wh|| ≤ ||wH ||+ ||R1,Hϕ−R1,hϕ||21
å<RTl8RTSVijdXZﬁl^i¬
|b(wH , wH)| ≤ 2ε
(
2||wH ||2 + 3||R1,Hϕ−R1,hϕ||21
)
goZ\{E|Vd#¢ÙZﬁQjY[Zﬁir]#uvRTSViZﬁlVdOQrUãu dOl<hﬁ«Ek!UOdOih­ÒáBMON?ÕﬁM
À
lkk!UXRTQf¬
a(wH , wH) = ||wH ||2 + b(wH , wH)
≥ (1− 6ε)||wH ||2 − 6ε||R1,Hϕ−R1,hϕ||21.
£¥l8l<RTik!lEie{E|<Z'¬
||R1,HShϕ||21 + ||R2,HShϕ||21 = ||wH ||2 ;
ZﬁiZﬁl|VijdOUOdXfk!lEiUXZ`ijy<hoRTQWﬁY[Z-]#uvZxwBiZﬁl<fjdXRTlå<RTlFRTSVijdXZﬁl^i¬
||R1,HShϕ||1 ≤
√
δH ||wH || ÒáBMON·?Õ
RTäRTlk¢R'fh'¬
δH =
σH
1 + σH
.
£¥l8|VijdOUOdXfk!lEi©k!UXRTQf´UXZof´QZﬁU§k!ijdXRTl<féÒáBMONa?ÕZﬁi\ÒáBMON?Õﬁå<RTl8RTSVijdXZﬁl^i¬
(1− 6ε)||wH ||2 ≤ (1 + ε)
√
δH ||R1,Hϕ−R1,hϕ||1||wH ||+ 6ε||R1,Hϕ−R1,hϕ||21 .
¨4RTdOi
t > 0
|VlQhoZﬁU{^|<ZﬁUXgoRTl<{E|<Z'åZﬁl|VijdOUOdXfk!lEi©Uãu dOl<hﬁ«Ek!UOdOih'¬
xy ≤ 1
2t
x2 +
t
2
y2
]<k!l<feU§kIQZﬁU§k!ijdXRTlgﬁdØÖ]VZoffj|<fåRTl
RTSVijdXZﬁl^i¬ [
(1− 6ε)−
√
δH(1 + ε)
2
t
]
||wH ||2 ≤
[√
δH(1 + ε)
2t
+ 6ε
]
||R1,Hϕ−R1,Hϕ||21
]#uvRTä¬
||wH ||2 ≤ f(t)||R1,Hϕ−R1,hϕ||21
¢ÙRT|VQiRT|Vi
t > 0
ÒáBMbL' ?Õ
kn?Zog'¬
f(t) =
s
t
+ 6ε
(1− 6ε)− st et s =
√
δH(1 + ε)
2
.
çëuvhﬁij|<]VZ`]VZU§k-µáRTl<gﬁijdXRTl
f(t)
Y[RTl^ijQZ`{E|uvZﬁUOUXZ©k!ijiZﬁdOlEifRTl­YdOlVdOY\|VY ¢VQhof²]VZU§kpnTk!UXZﬁ|VQ
t0 =
1− 6ε
2s
å^Zﬁi¢ÙRT|VQ
goZﬁijiZ-nTk!UXZﬁ|VQrRTlmk¬
f(t0) = 4s
2
[
2s2 + 6ε(1 − 6ε)
2sε2 + (1− 6ε)2
]
{^|<Z`UãuvRTl¢ÙZﬁ|VirhogﬁQjdOQZ-fRT|<fU§kpµ¶RTQjY[Z'¬
f(t0) = δH g˜(ε) avec lim
ε→0
g˜(ε) = 1 .
À
lmké]VRTl<g
||wH ||2 ≤ δH g˜(ε)||R1,Hϕ−R1,hϕ||21 .
£¥l8QZﬁn?Zﬁlzk!lEi©ï8ÒáBMbL' ?ÕﬁåVRTlFRTSVijdXZﬁl^ik!UXRTQf¬
||R1,HShϕ||1 ≤ δH
√
g˜(ε)||R1,Hϕ−R1,hϕ||1 ÒáBMbLBN)Õ
À
lFnTkYIk!dOl^iZﬁlzk!lEi©ZofjijdOY[ZﬁQ ||R1,Hϕ−R1,hϕ||1 ZﬁlµáRTl<gﬁijdXRTlF]VZ ||R1,Hϕ||1 M
À
lmké]#ubk!SRTQ]#¬
||R1,Hϕ−R1,hϕ||21 = a1(R1,Hϕ−R1,hϕ,R1,Hϕ−R1,hϕ) + b1(R1,Hϕ−R1,hϕ,R1,Hϕ−R1,hϕ)
= a1(R1,Hϕ,R1,Hϕ−R1,hϕ) + b1(R1,Hϕ−R1,hϕ,R1,Hϕ−R1,hϕ)
ZﬁiZﬁl|VijdOUOdXfk!lEi
(H2)
å<RTlFRTSVijdXZﬁl^i¬
||R1,Hϕ−R1,hϕ||21 ≤ a1(R1,Hϕ,R1,Hϕ−R1,hϕ) + ε||R1,Hϕ−R1,hϕ||21
ÒáBMbL'L?Õ
céubk!|VijQZ\¢zk!Qjiå<RTlFk
a1(R1,Hϕ,R1,Hϕ−R1,hϕ) = a1s(R1,Hϕ,R1,Hϕ−R1,hϕ) + b1(R1,Hϕ,R1,Hϕ−R1,hϕ)
]#uvRTäFUãuvRTlF]Vho]B|VdOiåzZﬁl|VijdOUOdXfk!l^irUãu dOl<hﬁ«Ek!UOdOihp]VZ\¡k!|<gyEì^Ö ¨4gy  ²k!Q+[Zﬁi´Uãu y^ì^¢ÙRTijy<WofZ
(H2)
¬
a1(R1,Hϕ,R1,Hϕ−R1,hϕ) ≤ (1 + ε)||R1,Hϕ||1||R1,Hϕ−R1,hϕ||1 ÒáBMbL'a?Õ
£¥lFgoRTY\SVdOlzk!l^iéÒáBMbL'L?ÕZﬁiÒáBMbL'a?ÕﬁåVRTlFRTSVijdXZﬁlEi¬
||R1,Hϕ−R1,hϕ||1 ≤ 1 + ε
1− ε ||R1,Hϕ||1 ;
goZ\{E|Vd#l<RT|<fr¢ZﬁQjY[Zﬁi]#uvhogﬁQjdOQZ-æ<lzk!UXZﬁY[ZﬁlEi¬
||R1,HShϕ||1 ≤ δHg(ε)||R1,Hϕ||1 avec lim
ε→0
g˜(ε) = 1 .
]#uvRTäFU§kgoRTl<gﬁUO|<fjdXRTlF]B|8ijy<hoRTQWﬁY[ZBMb~BM
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iZofi¥RTlIk©gy<RTdXfjd<goRTYY[ZfRTUO|VijdXRTl[ZxwVkTgﬁiZ]B|¢VQRTSVUXWﬁY[Zk!|BwpUOdOYdOiZof¥¢ÙR'fhfj|VQ
Ω =]0, 1[2
U§kµ¶RTl<gﬁijdXRTl[fj|VdOn'k!lEiZ'¬
u(x, y) =
1
2
e−100(x
2+(y−1)2) +
e
x−1
 − e−1
1− e−1
{^|Vd¢VQhofZﬁl^iZ\k!|<ffjd#|Vl<Zpk!|VijQZ RTl<Z-]VZeµáRTQjiZ`nTk!Qjd§k!ijdXRTlFYIk!dXfUXRTdOl8]VZ`U§k RTl<ZI°ﬁgoRT|<gy<Z-UOdOYdOiZ?°TM
ç&k­æ<«'|VQZILdOUOUO|<fjijQZ[U§kYIk!|Vn'k!dXfZ[{^|zk!UOdOih[]VZU§k8fRTUO|VijdXRTlRTSViZﬁlE|<Zkon?ZogI|VlÂµãkTgﬁiZﬁ|VQ
δT
l<RTlèk!¢V¢VQRT¢VQjdXh'M
|zk!l<]goZ\µákTgﬁiZﬁ|VQ`Zofji©gk!UXgﬁ|VUXhï[¢zk!QjijdOQ©]VZpU§k[µáRTQjY\|VUXZÒáLBMON ?ÕﬁåU§k[æ<«'|VQZaIY[RTlEijQZ{^|<Z\U§kfRTUO|VijdXRTlRTSViZﬁlE|<Z
ZofiSVdXZﬁlY[ZﬁdOUOUXZﬁ|VQZ'M
ç&kæ<«'|VQZ[sdOUOUO|<fijQZ[{E|<ZéUãuvRTl¢Zﬁ|Vi\k!ijiZﬁdOl<]BQZIU§k­Y  ﬁY[Z[{E|zk!UOdOihI]VZU§kfRTUO|VijdXRTlèk!¢V¢VQR4gy<hoZZﬁl6|VijdOUOdXfk!lEi
SÙZk!|<goRT|V¢FY[RTdOl<fr]#uvhﬁUXhﬁY[ZﬁlEif«'QTgoZ\ïé|VlYIk!dOUOU§k!«?ZpkT]<k!¢Vik!ijdØµ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L 
h = 1/50,  = 0.001, δT = 0.5
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a 
h = 1/50,  = 0.001, δT = 0.05
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s 
h = 1/10,  = 0.001, δT = 0.05
kn?Zog\aélVdOn?Zk!|Bw8]VZ©Qk.q[l<ZﬁY[ZﬁlEi
   ﬀ.# 


 
ﬀ  %
ﬁ%

 %
/#

5


ﬃ

%
À
l­goRTY¢zk!QZeYIk!dOl^iZﬁlzk!lEiUXZof²¢ÙZﬁQêµ¶RTQjYIk!l<goZof]VZeU§k-Y[hﬁijy<R4]VZ©¤B³r¡Zﬁi]#u |Vl<ZeY[hﬁijy<R^]VZeY\|VUOijdO«'QjdOUOUXZ©¢ÙRT|VQ²UXZ
Y  ﬁY[Z©¢VQRTSVUXWﬁY[Z©¢VQhogoho]VZﬁl^iM
À
l­µ¶ZﬁQkpn'k!QjdXZﬁQUXZ¢zkTf
h
]VZeU§k]BdXfgﬁQhﬁijdXfk!ijdXRTlåBUXZ©goR4ZxqIgﬁdXZﬁlEi

åEUXZe¢zk!Qk!Y[WﬁijQZ
δT
]VZ-U§k[¨4ce¤£¥ª ZﬁirZﬁlBæ<lFUXZ©l<RTY\SVQZ\]VZ©lVdOn?Zk!|Bw8]B|8YIk!dOUOU§k!«?ZkT]<k!¢Vik!ijdØµ|VijdOUOdXfh'M
Ł;§+Ù;¶ ﬂ)$&"15F54ﬀÁ  ﬀ:%'ﬂ)(* ﬀ"15
h
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 1
 0  1  2  3  4  5  6  7  8  9  10  11  12
  h=0.1
 h=0.02
 h=0.01
h=0.005
log
1
0
lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δ
T
ﬀ ﬁ,ﬃ
 ¡²RTl^n?ZﬁQj«?Zﬁl<goZp]VZ`¤B³r¡ZﬁlµáRTl<gﬁijdXRTlF]B|8¢zkTf
h
0 20 40 60 80 100 120 140 160
−9
−8
−7
−6
−5
−4
−3
−2
−1
0
1
h=0.1
h=0.02
h=0.01
log10

lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δT
ﬀﬂﬁﬀﬃ
~ ¡²RTlEn?ZﬁQj«?Zﬁl<goZ]VZ`ª !¸Zﬁlµ¶RTl<gﬁijdXRTl]B|¢zkTf
h
À
lF¢VQhofZﬁl^iZp]<k!l<fgoZﬁijiZ\¢zk!QjijdXZ\UXZofr¢ÙZﬁQêµáRTQjYIk!l<goZof]VZofY[hﬁijy<R^]VZofehﬁij|<]BdXhoZofUXRTQf{E|<Z\UXZ-¢zkTf
h
n'k!QjdXZ'M¡²Zogﬁd
¢ÙR'fZ¢VQRTSVUXWﬁY[Zgk!QéUXZ[µãkTgﬁiZﬁ|VQ
δT
]Vhﬁ¢ÙZﬁl<]#å1l<RTQjYIk!UXZﬁY[ZﬁlEiå¥]VZ
h
M¥¡²ZﬁU§kmfZIn?RTdOiµãkTgﬁdOUXZﬁY[ZﬁlEifj|VQéU§k8æ<«'|VQZ~
RTäCUXZof[¢ÙZﬁQêµ¶RTQjYIk!l<goZof­]VZ8U§k6Y[hﬁijy<R^]VZFY\|VUOijdO«'QjdOUOUXZfZ8]Vhﬁ«'QkT]VZﬁl^iijQWofQk!¢VdX]VZﬁY[ZﬁlEiå´k!UXRTQf{E|<ZFU§kY[hﬁijy<R^]VZ
¤B³r¡ QZofjiZ\fjik!SVUXZp]<k!l<ffZof¢ÙZﬁQêµ¶RTQjYIk!l<goZofegoRTYY[Z\UXZ-Y[RTlEijQZpU§kéæ<«'|VQZéBM¡²ZofrYIk!|Vn'k!dXfZof¢ZﬁQêµáRTQjYIk!l<goZofe]VZ
U§kY[hﬁijy<R^]VZYp|VUOijdO«'QjdOUOUXZfRTlEi\]B|<Zofk!|µák!dOi\{^|<ZéUXZ¢VQRTSVUXWﬁY[ZIijQk!dOihdXgﬁdëZofji`l<RTlfì^Y[hﬁijQjdX{^|<ZZﬁi\fkfjik!SVdOUOdOih
]Vhﬁ¢ÙZﬁl<]SÙZk!|<goRT|V¢]B|8gy<RTdØw]B|F¢zk!Qk!Y[WﬁijQZ
δT
M
N
Ł;§+Ù;§+ ﬂ)$&"15F54ﬀÁ  ﬀ:%'ﬂ)(* ﬀ"15

-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 1
 0  1  2  3  4  5  6  7  8  9  10  11  12
       1
    0.01
   0.001
  0.0001
0.000001
log
1
0
lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δ
T
ﬀﬂﬁﬀﬃ
0 ¡²RTlEn?ZﬁQj«?Zﬁl<goZ]VZ-¤B³r¡ ZﬁlµáRTl<gﬁijdXRTlF]VZ

-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 1
 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14
       1
    0.01
   0.001
  0.0001
0.000001
log
1
0
lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δ
T
ﬀ ﬁﬀﬃ
 ¡²RTl^n?ZﬁQj«?Zﬁl<goZp]VZ\ª !9ZﬁlµáRTl<gﬁijdXRTlF]VZ

c`k!l<f\goZIgkTf)åUXZ[l<RTYpSVQZ]VZP:ZogﬁUXZﬁi[k!|V«'Y[Zﬁl^iZIUXRTQf{^|<Z

]BdOYdOlE|<Z'å:UXZoféLY[hﬁijy<R4]VZofpfZIgoRTY¢RTQjiZﬁl^ié]VZ
YIk!lVdXWﬁQZpfjdOYdOU§k!dOQZ\kn?Zog`|Vlkon'k!lEik!«?Z\¢RT|VQrU§kY[hﬁijy<R^]VZ-¤B³r¡goRTYY[Z-Uãu dOUOUO|<fjijQZﬁlEiUXZofæ<«'|VQZof 0ZﬁiBM
Ł;§+Ù;XK ﬂ)$&"15F54ﬀÁ  ﬀ:%'ﬂ)(* ﬀ"15
δT
c`k!l<f-goZIgkTfåUXZof\LY[hﬁijy<R4]VZofpfZgoRTY¢ÙRTQjiZﬁlEik!|<ffjd]VZYIk!lVdXWﬁQZIfjdOYdOU§k!dOQZ­kon?ZogIiRT|TîêRT|VQf\|Vlèkon'k!lEik!«?Z
¢ÙRT|VQU§kY[hﬁijy<R4]VZ-¤B³r¡goRTYY[Z`Uãu dOUOUO|<fjijQZﬁl^irUXZofæ<«'|VQZofe·Zﬁi-N BM
Ł;§+Ù;O ﬂ)$&"15F54ﬀÁ  ﬀ:%'ﬂ)(* ﬀ"$Áﬀ: 3m/1ﬃ.5"15ﬀ1(JD5^A<$ 
çZof©¢ÙZﬁQêµ¶RTQjYIk!l<goZof`]VZéU§kY[hﬁijy<R4]VZ¤4³r¡ÓfRTl^i`dXgﬁdSVdXZﬁlmY[ZﬁdOUOUXZﬁ|VQZofp{E|<ZgoZﬁ|BwÂ]VZpU§kY[hﬁijy<R4]VZéY\|VUOijdO«'QjdOUOUXZ
UXRTQf{E|<ZUXZl<RTY\SVQZ]VZplVdOn?Zk!|Bwk!|V«'Y[Zﬁl^iZ'Mªmk!UO«'Qh|Vl<Zk!|V«'Y[ZﬁlEik!ijdXRTlè]B|ml<RTYpSVQZ]#u dOihﬁQk!ijdXRTl<f-]VZof`LY[hxÖ
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 1
 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20
   1
 0.5
0.1
0.05
0.01
log
1
0
lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δ
T
ﬀﬂﬁﬀﬃ
· ¡²RTlEn?ZﬁQj«?Zﬁl<goZ]VZ`¤B³r¡ZﬁlµáRTl<gﬁijdXRTlF]VZ
δT
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 1
 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24
   1
 0.5
0.1
0.05
log
1
0
lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δ
T
ﬀﬂﬁﬀﬃ
N  ¡²RTl^n?ZﬁQj«?Zﬁl<goZ\]VZ-ª ! ZﬁlµáRTl<gﬁijdXRTlF]VZ
δT
L' 
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18
 1 niveau
2 niveaux
3 niveaux
log
1
0
lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δ
T
ﬀ ﬁ,ﬃ
N'N ¡²RTl^n?ZﬁQj«?Zﬁl<goZp]VZ-¤B³r¡ ZﬁlµáRTl<gﬁijdXRTlF]B|l<RTYpSVQZ\]VZ`lVdOn?Zk!|Bw
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
 0  5  10  15  20  25  30  35  40
 1 niveau
2 niveaux
3 niveaux
log
1
0
lo
g
1
0
(‖
r‖
2
)

ihﬁQk!ijdXRTl<f
δ
T
ﬀﬂﬁﬀﬃ
NL ¡²RTlEn?ZﬁQj«?Zﬁl<goZ]VZ`ª !¸Zﬁlµ¶RTl<gﬁijdXRTl]B|l<RTY\SVQZ\]VZ-lVdOn?Zk!|Bw
ijy<R4]VZof-UXRTQf{E|<ZUXZ[l<RTY\SVQZ­]VZlVdOn?Zk!|Bwk!|V«'Y[ZﬁlEiZ'å1goZﬁijiZk!|V«'Y[ZﬁlEik!ijdXRTlHZofji-Y[RTdOl<f\Qk!¢VdX]VZ[¢ÙRT|VQ\¤B³r¡ {^|<Z
¢ÙRT|VQU§kY[hﬁijy<R4]VZ`Y\|VUOijdO«'QjdOUOUXZ'M
   ﬀ 


 
ﬀ

ç¥ubk!lzk!UOìBfZ]VZ­U§kgoRTl^n?ZﬁQj«?Zﬁl<goZF]VZ­U§kmY[hﬁijy<R4]VZ¤4³r¡ k!¢V¢VUOdX{^|<hoZFk!|H¢VQRTSVUXWﬁY[Z8]VZgoRTlEn?ZogﬁijdXRTlBÖ]BdØ×Ù|<fjdXRTlå
]BdXfgﬁQhﬁijdXfh\¢zk!QeU§kIY[hﬁijy<R^]VZ¨4c©¤1£ëªèåY[RTlEijQZ{E|uvZﬁUOUXZékI|Vl8µãkTgﬁiZﬁ|VQe]VZgoRTlEn?ZﬁQj«?Zﬁl<goZédOl<]Vhﬁ¢ÙZﬁl<]<k!lEi`]B|m¢zkTf
h
UXRTQf{E|<Z-goZﬁUO|VdØÖgﬁd:ZofjirkTffZ`¢ÙZﬁijdOiM
¡²Zogﬁd¥Zofji`n4Qk!d¥Zﬁl6«?hﬁl<hﬁQk!U¥¢ÙRT|VQ`iRT|ViZY[hﬁijy<R^]VZI]VZéiì4¢Z8°xYp|VUOijdO«'QjdOUOUXZ?° &YIk!dXf`UXZof-Qhofj|VUOik!if-l^|VY[hﬁQjdX{E|<Zof
Y[RTl^ijQZﬁlEi\{^|<ZpUXRTQf{E|<ZpUXZp¢VQRTSVUXWﬁY[ZpijQk!dOihluvZofjie¢VUO|<f©fjì4Y[hﬁijQjdX{E|<Z'åUXZofe¢ZﬁQêµáRTQjYIk!l<goZof©]VZofY[hﬁijy<R4]VZof©Y\|VUOijdØÖ
«'QjdOUOUXZof©fZ\]Vhﬁ«'QkT]VZﬁlEi©ijQWofrQk!¢VdX]VZﬁY[Zﬁl^i`ZﬁlFµáRTl<gﬁijdXRTl]VZofe]BdØ×ÙhﬁQZﬁl^ife¢zk!Qk!Y[WﬁijQZofe]VZ\U§kY[hﬁijy<R4]VZé¨4c©¤£¥ªòMç:k
Y[hﬁijy<R4]VZ[Yp|VUOijdO«'QjdOUOUXZ]VRTdOi  ﬁijQZk.q[l<hoZZﬁl6|VijdOUOdXfk!lEi]VZof-UOdXffZﬁ|VQfpkT]<k!¢VihoféïgyzkT{^|<ZIgkTf­Ò¶gy<RTdØw]B|6UOdXffZﬁ|VQå
l<RTYpSVQZ\]VZ`¢VQh\Zﬁi´¢R'fjiêÖãUOdXffk!«?Z'åVgy<RTdØw8]VZofrRT¢ÙhﬁQk!iZﬁ|VQfr]VZ©ijQk!l<fjµ¶ZﬁQjidOl^iZﬁQêÖã«'QjdOUOUXZofåOMOMOMÔÕxM
çZofpQhofj|VUOik!iflE|VY[hﬁQjdX{^|<ZofRTSViZﬁlE|<f¢RT|VQU§kY[hﬁijy<R4]VZ­¤4³r¡ Y[RTlEijQZﬁl^i[{E|uvRTlè¢zkTfSZofRTdOlò]VZm°xij|VlVdOlV«z°
¢zk!QjijdXgﬁ|VUOdXZﬁQ¢RT|VQ{^|uvZﬁUOUXZ©«Ek!Q]VZ©UXZof´Y  ﬁY[Zof´¢ÙZﬁQêµáRTQjYIk!l<goZof´UXRTQf{^|<Z©UãuvRTlµák!dOi´n'k!QjdXZﬁQ´UXZof´]BdØ×ÙhﬁQZﬁl^if¢zk!Qk!Y[WﬁijQZof
]VZU§kY[hﬁijy<R4]VZ¨4ce¤£¥ªòME¡²Z{E|Vd4Y[RTlEijQZr{E|uvZﬁUOUXZZofjiSVdXZﬁl[kT]<k!¢VihoZ¢RT|VQU§kQhofRTUO|VijdXRTl[ZxqIgkTgoZ´]VZof¢VQRTSVUXWﬁY[Zof
]BdXfgﬁQhﬁijdXfh\fj|VQ]VZofYIk!dOUOU§k!«?ZofekT]<k!¢Vik!ijdØµáfå<{^|<Z`UXZ`¢VQRTSVUXWﬁY[Z-fRTdOirfjì4Y[hﬁijQjdX{E|<Z-RT|Fl<RTlM<írl<Z`hﬁij|<]VZp{E|zk!UOdOik!ijdOn?Z
ZofigoZﬁ¢ÙZﬁl<]<k!lEirl<hogoZoffk!dOQZ-k.æ<l]#uvhﬁij|<]BdXZﬁQ¢VUO|<f´Zﬁl8]Vhﬁik!dOU#Uãuvhﬁn?RTUO|VijdXRTl8]VZof¢ÙZﬁQêµ¶RTQjYIk!l<goZof]VZ©U§kpY[hﬁijy<R4]VZ`¤B³r¡
ZﬁlHµáRTl<gﬁijdXRTlÁ]B|¢zk!Qk!Y[WﬁijQZ
δT
]VZU§kmY[hﬁijy<R4]VZ¨4c©¤£¥ª UXRTQf{E|<ZU§kmgoRTl^n?ZogﬁijdXRTlC]VZﬁn4dXZﬁlEiI]VZ¢VUO|<f[Zﬁl¢VUO|<f
]VRTYdOlzk!l^iZ'M
L'L
  Ù
¼
¿1
ðONxñpP:M /:îjRTQfjikT]Bi-k!l<]
À
M  dX]BUO|Vl<]#M

iZﬁQk!ijdOn?ZpY[Zﬁijy<R4]VfeµáRTQeijy<ZéfRTUO|VijdXRTlÂR!µZﬁUOUOdO¢VijdXgé¢VQRTSVUXZﬁY[f\RTlQZﬁ«'dXRTl<f
¢zk!QjijdOijdXRTl<Zo]8dOl^iR[fj|VS<fjijQj|<gﬁij|VQZofM  jÇ '
	 	
à4Ð
	
ÇÝÄTÛ !ÅxË§Åﬁå4L'aVÒá~?Õx¬ON '·ﬁ0 N'NLBN'å1N·''·BM
ðbL.ñé¨MÔ¡eM/²QZﬁlVl<ZﬁQk!l<]8ç¥M -pMz¨4goRTijiM
,
ÑBÍ'mÄ'Æ*ÑBÍﬁÆ¶Ë ÄTÛ
,
ÑBÍjÏTÚ Ï 
ÃëË*Ý<Ë*ÆÍ %²ÛXÍxÐIÍxÝzÆ 'ÍﬁÆ*Ñ4ÏÈTÅxM¨^¢VQjdOlV«?ZﬁQåN·'·!s<M
ðba.ñp³pMvªòM /²Qj|zkTfZﬁiå  pMvP1Mëç&k!lV«'ik!lV«?Zﬁlå´k!l<] !éM  9M	|VY\SV|<fgyMc©RTYIk!dOlC]VZogoRTY¢ÙR'fjdOijdXRTlk!l<]ÁY\|VUOijdOUXZﬁn?ZﬁU
Y[Zﬁijy<R^]VfIdOlÁ]BdØ×Ù¢zkTg #ÙM

lªèMë£¥fj¢ÙZo]<k!UrP:M /:î 4ZofjikT]Ák!l<]céM
`ZﬁìBfåZo]BdOiRTQfåﬀ'²ÚjÏ ÍÍjÈ'ËJÝ TÅÂÏ 
Æ*ÑBÍ?Æ*Ñ
ÎÏTÝ 
ÍxÚÍxÝ ÍÏTÝ \Ï'ÐÄ'ËJÝ pÍ ÏTÐÉBÏ!ÅxË*Æ¶ËáÏTÝzM CdOUXZﬁì?å#N·'·ﬁ04M
ð sTñpP:M !M¡d§k!QjUXZﬁiMÃëËJÝzË*ÆÍ %²ÛXÍxÐIÍxÝzÆ 'ÍﬁÆ*Ñ4ÏÈ 
oÏTÚ %²Û*Û ËÔÉÆ¶Ë  'ÚêÏ ﬁÛOÍxÐÅﬁMëteRTQjijy  RTUOU§k!l<]#åN·ﬁ0TBM
ðb.ñpP:M !eQjdXfjn'k!Q]#M%²Û*Û ËÔÉÆ¶Ë ´ÉÚêÏ ﬁÛOÍxÐÅÏTÝÝÏTÝÅÊÐ[ÏÏ?Æ*Ñ8ÈEÏTÐ[ÄTËJÝ<ÅxåVn?RTUO|VY[ZéL!sR!µ 'mÏ'ÝÏﬀTÚjÄÊÉzÑ?ÅéÄTÝÈ  Æ¶àVÈTËãÍÊÅ\Ë*Ý
'mÄ'Æ*ÑBÍﬁÐÄ?Æ¶Ë xÅﬁMPdOijYIk!lå&N·''BM
ðb~.ñ  r|V«'|<Zofk!l<] /´k!QjSRTUXR'fkBM ³}fjik!SVdOUOd Zo]Cæ<lVdOiZZﬁUXZﬁY[ZﬁlEiY[Zﬁijy<R4]Áµ¶RTQgoRTlEn?ZogﬁijdXRTlBÖ]BdØ×Ù|<fjdXRTl¢VQRTSVUXZﬁY[fM
 jÇ '
 	
à4ÐIÍxÚ
	
ÇÝÄTÛ
	
å#N·ﬁ0T·BM
ð 0)ñ
À
Mv³pMç&kT]Bì oy<Zﬁl<f$#TkìEkk!l<]tMvtpMírQk!Uãu ifZﬁnTkBM  Ë*ÝÍjÄTÚéÄTÝÈàBÄTÅÊË*Û Ë*ÝÍjÄTÚ%²Û*Û ËÔÉÆ¶Ë %-ﬁàVÄ'Æ¶ËáÏTÝVÅxåzn?RTUO|VY[ZsE~
R!µ('Ä'Æ*ÑBÍxÐ[Ä'Æ¶Ë xÅ
"
  ﬁËáÍﬁÝ ÍéÄTÝÈ %²Ý 'ËJÝÍÍxÚÊË*Ý 'Më³´gkT]VZﬁYdXg\PQZoff)åVtZ  ëRTQ$#8k!l<]8çRTl<]VRTlå&N·'~'BM
ðb.ñ  pMvP1M4ç&k!lV«'ik!lV«?ZﬁlMÎÏTÐÉàBÆãÄ'Æ¶ËáÏTÝÄTÛ'´ÄTÚﬁÆ¶Ë¶Ä'Û-Ë ßÍxÚÍxÝzÆ¶ËáÄTÛ %-ﬁàVÄ'Æ¶ËáÏTÝVÅ
	
à4ÐIÍxÚxË Ä'Û 'ÂÍﬁÆ*Ñ4ÏÈ!Å`ÄTÝÈ$-Ë ß1ÉBÄ +
'²ÚjÏﬀTÚjÄTÐéÐË*Ý 'MëçZogﬁij|VQZ\teRTiZof´dOl¡²RTY¢V|Vik!ijdXRTlzk!U¥¨4gﬁdXZﬁl<goZpk!l<]£lV«'dOl<ZoZﬁQjdOlV«<M#¨^¢VQjdOlV«?ZﬁQêÖ¥ZﬁQjU§k!«<å:N·'·'·BM
ðb·.ñpP:MvçëM?ç#dXRTl<fM<³UOiZﬁQjlzk!ijdOlV«\fgy k!Q+rY[Zﬁijy<R4]

M

l -\M	!©ç
À
 

t`¨


k!l<]<M'Pë£ -

³´íéå'Zo]BdOiRTQfå pÏTÐ[ÄTË*Ý
pÍ ÏTÐÉBÏ!ÅxË*Æ¶ËáÏTÝ'ÍﬁÆ*Ñ4Ï)È!ÅxM¨

³eªèå#N·''BM
ðON .ñ<M!ªmk!l<]VZﬁUzk!l<][¨Mv¤M.ªmg)¡²RTQjYdXg #ÙM

iZﬁQk!ijdOn?Z²QZxæ<l<ZﬁY[ZﬁlEi¥iZogyVlVdX{E|<Zof¬!y<Z²i  ²R!ÖãUXZﬁn?ZﬁUzgkTfZ'M

l`M?¡  e³tå
-\M !©ç
À
 

t`¨


åﬀzMP¥£ -

³´íﬁåk!l<]
À
M  

c©çíetcéå´Zo]BdOiRTQfå pÏTÐ[ÄTË*Ý ÍÏTÐÉBÏTÅÊË¶Æ¶Ë¶ÏTÝ 'ÍﬁÆ*ÑBÏÈ!Åxå
¢zk!«?ZofrBN*4·'LBM¨

³ªòå#N·''·BM
ðON'Nxñéç¥MvcéM^ªk!QjdOlVd#k!l<]³M4|zk!QjiZﬁQRTlVdãM1³QZﬁU§k.wVk!ijdXRTl¢VQR4goZo]B|VQZµ¶RTQ²]VRTYIk!dOl]VZogoRTY¢ÙR'fjdOijdXRTlY[Zﬁijy<R4]Vf|<fdOlV«
æ<lVdOiZ-ZﬁUXZﬁY[ZﬁlEif)M

à4ÐIÍxÚ
	
'mÄ'Æ*Ñ
	
åz'B¬bﬁ0T 4'·'Bå:N·''·BM
ðONL.ñ[¨Mv¤MVªg)¡²RTQjYdXg #M 'Fà^ÛØÆ¶Ë*ÛOÍxÌTÍxÛ:ÆÍﬁÑEÝ<Ë -ﬁàVÍxÅ 
ﬁÏ'Ú²ÉBÄTÚﬁÆ¶Ë¶ÄTÛ1ÈTË ßÍﬁÚjÍxÝÆ¶Ë¶ÄTÛÍ+-ﬁàVÄ'Æ¶Ë¶Ï'ÝVÅxM¨

³eªèå#N·''·BM
ðONa.ñé³pM|zk!QjiZﬁQRTlVdk!l<]6³pMﬂëk!UOUOdãMpÏTÐ[ÄTË*Ý ÍÏTÐÉBÏTÅÊË¶Æ¶Ë¶ÏTÝ 'ÍoÆ*Ñ4ÏÈ!Å 
oÏTÚ '´ÄTÚﬁÆ¶Ë¶Ä'Û `Ë ßÍxÚÍxÝzÆ¶ËáÄTÛ %-ﬁàVÄ'Æ¶ËáÏTÝVÅﬁM
tr|VY[ZﬁQjdXgk!U:ªmk!ijy<ZﬁYIk!ijdXgofek!l<]¨4gﬁdXZﬁlEijdØæzgé¡²RTY¢V|VijdOlV«<M
À
w4µ¶RTQ]¨4gﬁdXZﬁl<goZ\P|VSVUOdXgk!ijdXRTl<få&N·'·'·BM
ðONﬁsTñ  pM !M&-R^R'fåªèM#¨^iì4l<Zofå#k!l<]ç¥MÙ&RTSVdXf$#'kBM

à4ÐIÍxÚxË Ä'Û&'ÍﬁÆ*Ñ4ÏÈTÅ 
oÏTÚ  zËJÝ Tà^ÛOÄTÚxÛ  'ÍﬁÚxÆ¶à4ÚÍjÈ `Ë ßÍxÚÍxÝzÆ¶ËáÄTÛ
%-ﬁàVÄ'Æ¶ËáÏTÝVÅxMë¨^¢VQjdOlV«?ZﬁQêÖ¥ZﬁQjU§k!«<å1N·'·'~BM
ðON.ñé³pM  M´¨4gyzk!i+?M ³l RTS<fZﬁQjn'k!ijdXRTlgoRTl<goZﬁQjlVdOlV«ÁQjdOi+ﬁÖã«Ek!UXZﬁQ$#^dOl Y[Zﬁijy<R4]Vf  ´dOijy dOl<]VZxæ<lVdOiZSVdOUOdOl<Zk!Qµ¶RTQjY[f)M
'mÄ'Æ*Ñ
	
ÎÏTÐÉàBÆ
	
åVL'B¬b·''· 4·'~'LBå:N·ﬁ0.s<M
ðON~.ñéªèM'¨^iì4l<Zofëk!l<]ç¥MT:RTSVdXf$#TkBMzy<Zﬃ 
"!ﬁ#
µáRTQk©goRTl^n?ZogﬁijdXRTlBÖ]BdØ×|<fdXRTlI¢VQRTSVUXZﬁY  ´dOijyIkSRT|Vl<]<k!QjìU§koì?ZﬁQ¬
RT¢VijdOYIk!U¥ZﬁQjQRTQ\k!lzk!UOì4fdXf-k!l<]ÂZﬁlVyzk!l<goZﬁY[ZﬁlEipR!µ´kTgogﬁ|VQkTgﬁì?M  jÇ '
	$ 	%
à^ÐIÍxÚ
	
ÇÝÄTÛ
	
ås<N?Òá?Õx¬ON~'L'  N~!sELBå
L' ' 'aBM
